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Abstract
This work proposes a nonlinear model predictive control-based guidance strategy for unmanned
surface vehicles, focused on path following. The application of this strategy, in addition to over-
come drawbacks of previous line-of-sight-based guidance laws, intends to enable the applica-
tion of predictive strategies also to the low-level control, responsible for tracking the references
provided by the guidance strategy. The stability and robustness of the proposed strategy are
theoretically discussed. Furthermore, given the non-negligible computational cost of such non-
linear predictive guidance strategy, a practical nonlinear model predictive control strategy is also
applied in order to reduce the computational cost to a great extent. The effectiveness and advan-
tages of both proposed strategies over other nonlinear guidance laws are illustrated through a
complete set of simulations.

1. Introduction
Unmanned surface vehicles (USVs), also called autonomous surface vehicles (ASVs), have drawn increasing atten-

tion in the last years for several applications in ocean space (Shi et al., 2017). USVs are able to perform autonomously
a wide variety of operations in challenging marine and coastal environments, avoiding direct human intervention and
thus all associated risks. Moreover, they can even address tasks at locations otherwise unreachable for manned vessels.
Marine science, ocean oil and gas exploration, offshore renewables, and border surveillance, among other scientific
and military applications, have boosted the interest for this type of vessels (Liu et al., 2016b; Tanakitkorn, 2019).
Among all types of USVs, small-size and low-cost vessels have some particular advantages when compared to larger
crafts, such as lighter weight, modularity, and increased maneuverability and versatility (Wynn et al., 2014; Zhang
et al., 2015).

Robust and effective USV motion control is a key problem to be addressed when facing fully autonomous tasks,
especially in close-range operating areas or shallow waters (Li et al., 2019). Indeed, this problem has drawn the
interest of the control community in the last decades, since model nonlinearity, unmodelled or roughly estimated
hydrodynamics, parametric model uncertainty, and non-measurable disturbances convert it into a challenging problem
(Breivik, 2010).

In the literature there aremainly three different approaches for USVmotion control: dynamic positioning, trajectory
tracking, and path following (PF) control (Aguiar et al., 2005; Lapierre and Soetanto, 2007). The first one seeks to keep
the position and heading of the USV within predefined limits, while the second one tries to track a spatial trajectory
with hard time constraints. The PF approach is similar to trajectory tracking, but the time constraints of the path to
be followed are much looser. This makes PF more suitable for practical situations with time-varying currents, where
trajectory tracking could require highly demanding actuator performance, or could be even unfeasible.

The PF strategies are traditionally divided into two layers in a cascade structure (Fossen et al., 2003; Bejarano
and Sufiyan, 2020), as indicated in Fig. 1. On the one hand, the high-level layer, also known as the guidance layer,
is responsible for generating the set points for the heading angle and forward speed, as well as their respective time
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derivatives, in such a way that the desired path is followed and the time constraints concerning the desired forward
speed are met. On the other hand, the low-level layer includes a controller that manipulates the actuators in such a
way that the set points provided by the guidance law are tracked, despite non-measurable wind, waves, and current
disturbances, in addition to high model uncertainty. In typical underactuated USV configurations (usually preferred
for high-speed maneuvering in long-range and long-duration missions due to cost-effective and weight considerations),
the actuator signals are only the thrust force and the rudder torque. Indeed, even fully-actuated USVs equipped with
lateral actuators decrease dramatically their efficiency in lateral directions at high-speed forward movement (Xiang
et al., 2015). Then, the thrust force and the rudder torque must be translated into the propeller velocities, using the
propeller models and the specific layout of the USV. Therefore, in the traditional PF strategy, the guidance law focuses
on the kinematic problem, while the low-level controller focuses on the kinetic problem.
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Figure 1: Traditional PF control strategy

Many different control strategies have been proposed for the low-level control, seeking to reject disturbances and
compensate for model uncertainty: parametric adaptive methods (Skjetne et al., 2005), robust control (Lekkas and
Fossen, 2014), sliding-mode control (Cui et al., 2016; Chen et al., 2017), and fuzzy logic systems and neural networks
(Wang et al., 2019), among many others. However, regarding the guidance law, the well-known line-of-sight (LOS)
law (Breivik and Fossen, 2005; Fossen, 2011) and its varieties have been proven effective when following a straight-
line or curve path in absence of ocean currents and disturbances. This technique, based on how an experienced sailor
would steer the helm, has been enhanced over the years to deal with disturbances and time-varying currents (Wang
et al., 2020). Integral LOS (Børhaug et al., 2008; Lekkas and Fossen, 2014), adaptive LOS (Fossen et al., 2015; Zeng
et al., 2017), compound LOS (Miao et al., 2017), and extended state observer-based LOS (Liu et al., 2016a; Yu et al.,
2019) are all strategies based on the original LOS that try to estimate and then compensate the sideslip angle caused by
time-varying disturbances. Recently, variants of the LOS law have been also applied to automatic steering of sailboats
(Deng et al., 2020). Different references for the heading angle are proposed for the so-called path following, tacking,
and gybing modes, based on the double reduced-order extended state observer estimation of the crab angle, which
plays the role of the sideslip angle defined in common ships.

However, in all the mentioned works the kinematic problem is somehow decoupled into two parts: (1) to drive the
PF errors to zero, by computing the set point for the heading angle, and (2) to make the reference for the USV forward
speed or surge match a predefined value. Using this structure, the kinematic problem is indeed solved by using the
rudder torque as the only control action, since the thrust force is completely devoted to ensuring the surge reference
tracking. Wang et al. (2019) have recently proposed a surge-guided LOS (SGLOS) where the set point for the surge
is modified according to the PF errors, giving rise to enhanced USV manoeuvrability. By avoiding decoupling, both
actuation signals collaborate to get the USV to follow the desired path. When the vessel is far away from the desired
trajectory, the surge reference is higher than the desired value and it eventually converges to the predefined value as
the PF errors converge to zero and the USV approaches the desired path.

The original LOS strategy and all its varieties are shown to be effective and easy-to-implement guidance laws.
However, in the typical casewhen the desired path and surge are a priori known, no benefit is taken from this knowledge.
Furthermore, since the set points for the low-level control are computed by the guidance law at every sampling time and
no future references are computed, no model predictive control (MPC) strategies are usually applied at the low-level
G. Bejarano et al.- Preprint submitted to Ocean Engineering Page 2 of 22
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control. In spite of the disturbances being non-measurable and unpredictable, if the future references were available,
the performance of the low-level controller could be still enhanced using predictive strategies.

In this work, due to the previously remarked drawbacks of LOS-based guidance laws, specifically the SGLOS
(Wang et al., 2019), a guidance law based on nonlinearMPC (NMPC) is proposed. Themain contributions of this paper
yield certain advantages of the proposed predictive law over the SGLOSWang et al. (2019), which are summarised as
follows:

• The a priori knowledge of the desired path and surge is used to drive the PF errors to zero in a more efficient
way, thanks to the predictive feature.

• Even when the USV is far away from the desired path, a desired surge can be imposed.
• Constraints on the rate of change of the surge and heading references can also be imposed, in order to account

for the low-level controller and actuator dynamics.
• An existing robust and stable control law is tailored to the path following problem.
• A fast practical implementation of the nonlinear model predictive control law is also proposed.

In addition, although this work does not exploit them, the proposed predictive law enables other possible advantages:
• Constraints on the PF errors may be considered in the optimization problem, enabling obstacle avoidance if their

position were described in terms of the desired trajectory.
• Computed future references for the heading and surge may enhance tracking performance, if a predictive low-

level controller is applied.
The model predictive PF problem has also been addressed by the control community. However, these controllers

typically merge the two different control layers that are worth considering in USV applications: the guidance problem
and the reference tracking (see Fig. 1). For instance, Faulwasser et al. (2009) propose a stabilizing NMPC for the
PF problem, providing nominal stability guarantees of the closed-loop system. Alessandretti et al. (2013) study both
the trajectory tracking and the PF problems in terms of NMPC, again considering a single dynamical system. Hence,
desired surge requirements are not addressed in these PF problems. For this reason, a multiobjective MPC for PF was
recently proposed by Shen et al. (2018), aiming to guarantee path convergence while being able to drive the surge to
a given desired value. Because of the guidance system considered in this paper, the speed assignment will be treated
here as an input reference, avoiding the need for a multiobjective MPC.

Besides, we take advantage of a formulation of the MPC problem that weights the terminal cost (Limon et al.,
2006), avoiding the need for a terminal constraint, tailored in this paper to the PF scheme. This lifts the cumbersome
calculation of a terminal set, in contrast to aforementioned approaches, in which e.g., the USV is required to reach the
reference at the end of the prediction horizon (Faulwasser et al., 2009; Alessandretti et al., 2013; Shen et al., 2018).

Moreover, a robust design is proposed, taking into account uncertainty from unmodelled lateral dynamics and due
to currents, waves, and wind. In this respect, input-to-state stability (Limon et al., 2009) of the closed-loop signal is
achieved, which is, to the best of the authors’ knowledge, another novel contribution in the context of PF problems.

One of the major disadvantages of the nonlinear strategies is often related to computational cost, when compared
to the easy-to-implement and effective LOS-based strategies. The main reason behind high computational costs lies in
the nonlinear features of the path-following-error model and the associated optimization problem, which might hinder
the application of NMPC strategies in low-cost USVs.

In this paper, the proposed NMPC-based guidance law is also simplified to reduce the computational burden, using
the main idea of the Practical NMPC (PNMPC) technique (Plucenio et al., 2007; Plucenio, 2010). This technique deals
with nonlinear systems using the MPC techniques developed for linear systems and thus extremely fast to implement.
A linear representation of the predicted output with regard to the future increments of the control actions is intended, by
means of a linearization along the trajectory. A first-order linearization based on the corresponding Jacobian matrix is
recomputed every sampling time, giving rise to a linearizedmodel around the current point and a linear implementation
of the optimization procedure, which reduces the computational cost to a great extent.

The remainder of the work is organised as follows. Section 2 presents the USV modelling and formulates the PF
problem. The proposed NMPC-based guidance law is presented in Section 3, whereas Section 4 describes the appli-
cation of the PNMPC technique to reduce the computational cost of the previously proposed guidance law. Section 5
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provides some illustrating simulation results, comparing the performance of the proposed guidance law to existing
strategies and showing the computational cost reduction provided by the linearized PNMPC-based guidance law. Fi-
nally, Section 6 summarises the main conclusions and expresses some future work.

2. Problem formulation
The three-degree-of-freedom kinematic and kinetic model of an USV moving in a horizontal plane is given by

Eq. (1), according to Fossen (2011):
{

�̇ = R( )�
M�̇ = −C(�)� −D(�)� − g(�) + �w + � ,

(1)

where � = [x y  ]T includes the planar vessel position and heading expressed in an earth-fixed inertial frame {n},
� = [u v r]T gathers the surge, sway, and yaw velocities expressed in the body-fixed frame {b}, � = [Fu 0 �r]Trepresents the control action vector, and �w = [Fw,u Fw,v �w,r]T contains the corresponding environmental forces
and torque due to wind, waves, and currents (see Fig. 2). Notice that an underactuated configuration is considered,
since only Fu and �r are available as control actions, without loss of generality.The rotation matrix R( ) between the body-fixed frame {b} and the earth-fixed inertial frame {n}, as defined by
Fossen (2011), is expressed in Eq. (2), whereR2( ) ∈ ℝ2×2 is the upper left two-dimensional submatrix of the original
rotation matrix R( ). M = MT is the inertia matrix, C(�) refers to the Coriolis/centrifugal matrix, D(�) to the
damping matrix, and g(�) represents the gravitational and buoyancy forces and torques, according to the nomenclature
defined by Skjetne et al. (2004).

R( ) =
⎡

⎢

⎢

⎣

cos( ) −sin( ) 0
sin( ) cos( ) 0
0 0 1

⎤

⎥

⎥

⎦

=
[

R2( ) 0
0 1

]

(2)

Currents
Wind
Waves

Desired Path

Figure 2: Path following geometry

The desired planar path  , as represented in Fig. 2, is assumed to be available a priori and parameterised by a
time-dependent path variable !(t), such that:

 = {ℙ(!) ∈ ℝ2 ∶ ! ∈ [0,∞)↦ ℙ(!) ≡ [xp(!) yp(!)]T }. (3)
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The position of the moving virtual target ℙ on the path is assumed to be defined by the time-varying value of the
path variable !. From the virtual target ℙ, the Frenet-Serret frame {F} (Serret, 1851; Frenet, 1852) can be defined,
orthogonally to the path, as represented in Fig. 2. The velocity of the virtual target, utar , is related to the time derivative
of ! through Eq. (4):

utar =
√

ẋ2p + ẏ2p = !̇
√

()xp∕)!)2 + ()yp∕)!)2. (4)

Furthermore, in order to prove robust stability of the closed-loop system, a signal that tends to zero as ! → ∞ needs
to be introduced. For example, the variable z as a function of ! is defined as indicated in Eq. (5):

z(!) ≡ 1
! + 1

. (5)

Applying the chain rule, Eq. (4) can be also expressed as indicated in Eq. (6):

ż = −1
(! + 1)2

!̇ =
−z2utar
F (!)

, (6)

where F (!) is a known function of the virtual target ℙ given the desired path  , as shown in Eq. (7):

F (!) =
√

()xp∕)!)2 + ()yp∕)!)2. (7)
The angle �p(!) between the Frenet-Serret {F} and the earth-fixed {n} frame is defined by Eq. (8):

�p(!) = atan2(ẏp, ẋp) = atan2()yp∕)!, )xp∕)!), (8)
where it should be noticed that atan2(y, x) refers to the arctan(y∕x) function extended to the four quadrants. The PF
errors between the planar position of the vessel, (x, y), and the position of the virtual targetℙ, (xp(!), yp(!)), expressedin {F}, are defined by Eq. (9):

[

xe
ye

]

≡ RT
2 (�p) ⋅

[

x − xp(!)
y − yp(!)

]

=
[cos(�p) −sin(�p)sin(�p) cos(�p)

]T
⋅
[

x − xp(!)
y − yp(!)

]

. (9)

xe and ye are widely known as the along- and cross-track errors, respectively. Hence, deriving Eq. (9) with respect to
time and introducing Eqs. (4) and (7), the PF error dynamics indicated in Eq. (10) are obtained:

ẋe = u cos( − �p) − v sin( − �p) + �̇p ye − utar

= u cos( − �p) − v sin( − �p) + utar

(

1
F (!)

)�p
)!

ye − 1
)

,

ẏe = u sin( − �p) + v cos( − �p) − �̇p xe

= u sin( − �p) + v cos( − �p) − utar
1

F (!)
)�p
)!

xe.

(10)

Eq. (10), together with the definition of ż in Eq. (6), represents the dynamics of the system to be controlled by the
NMPC-based guidance law described in Section 3, given that xp, yp, �p, and F are assumed to be known functions
of z, or conversely !.

3. Nonlinear model predictive control
From this section onwards, the following notation will be used.

Notation
Given two column vectors, v and w, (v,w) stands for [vT , wT ]T . The set of integer numbers from a to b is de-

noted Iba. A continuous function � ∶ ℝ≥0 → ℝ≥0 is a -function if it is strictly increasing and �(0) = 0. Besides, if �
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is unbounded, it is called a K∞-function. A continuous function � ∶ ℝ2≥0 → ℝ≥0 is a -function if �(s, t) is ∞in s for all t and limt→∞ �(s, t) = 0 for all s ≥ 0. A ball of radius r ∈ ℝn is the set (r) = {x ∶ |x| ≤ r}, where |x| is
the component-wise absolute value of the vector. The weighted norm of a vector v ∈ ℝn with coefficientM ∈ ℝn×n

is denoted ‖v‖M = vTMv. The predicted values for a signal s(t) are denoted ŝ(t).
3.1. Problem statement

The dynamical system controlled by the proposed NMPC is obtained from discretizing the continuous-time model
presented in Eqs. (6) and (10), using the forward Euler approach. It is a partially virtual system, since it is extended
to consider the virtual target point in the path, adding an additional degree of freedom, as described by Wang et al.
(2019). Hence, the discrete-time model of the system to be controlled can be expressed as indicated in Eq. (11):

x(k + 1) = f (x(k),u(k), v(k)). (11)
Here, the state x is comprised by the PF errors and the alternative path variable z. The input u is given by the references
for the underactuated USV (surge and heading angle), and extended to include the virtual target velocity utar . The onlydisturbance is assumed to be the sway velocity v, which accounts for the effect of currents, waves, wind, and unmodelled
dynamics, called drift forces in the related literature (Fossen et al., 2015). A vessel exposed to drift forces (currents,
wind, and waves) presents variations in the velocities u, v, and r due to motion kinetics (see Eq. (1)). The response can
be observed as a nonzero sideslip angle � ≡ atan2(v, u), which implies a non-zero sway velocity v. Thus,

x(k) = (xe(k), ye(k), z(k)), (12)
u(k) = (u(k),  (k), utar(k)). (13)

Note that the model function f is hence given by Eqs. (6) and (10), once discretized. In order to derive a NMPC
strategy for this virtual system, the desired path must satisfy the following assumption.
Assumption 1. The desired path  is smooth, and such that f is Lipschitz continuous.

In practice, the path, which is designed a priori, can in general be chosen such that Assumption 1 is satisfied. For
example, Fossen et al. (2015) require the path to be 1 differentiable.

Moreover, in contrast to existing LOS-based guidance laws (see e.g. Wang et al. (2019)), the MPC framework
presented in this paper allows to consider constraints. Therefore, we will impose both limits on the surge velocity
and on the variation of the surge and the heading references, such that they are followable by the low-level controller.
Moreover, imposing utar > 0 ensures forward motion along the path, as it is customary in PF problems. Thus, the
closed-loop system must satisfy:

u(k) ∈  =

⎧

⎪

⎨

⎪

⎩

u ∶
⎡

⎢

⎢

⎣

0
−�
�

⎤

⎥

⎥

⎦

≤ u ≤
⎡

⎢

⎢

⎣

ū
�
ūtar

⎤

⎥

⎥

⎦

⎫

⎪

⎬

⎪

⎭

,∀k, (14a)

Δu ≡ u(k) − u(k − 1) ∈ g =

⎧

⎪

⎨

⎪

⎩

u ∶ |Δu| ≤
⎡

⎢

⎢

⎣

�u
� 
∞

⎤

⎥

⎥

⎦

⎫

⎪

⎬

⎪

⎭

,∀k, (14b)

with � > 0 to ensure forward motion, and ̄(⋅) ∈ ℝ > 0 represents the upper bounds.
Furthermore, the MPC strategy also enables the assignment of a reference to all states (where it is trivially assumed

that the PF errors are desired to converge to 0) and inputs.
Next, the optimization problem of the NMPC-based guidance law is introduced:
min
u

JN (x(k),u) (15a)

=
N−1
∑

j=0
l(x̂(j|k),u(j)) + �Vf (x̂(N|k)),

s.t. x̂(0|k) = x(k), (15b)
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x̂(j + 1|k) = f (x̂(j|k),u(j), v(k)), j ∈ IN−10 ,
(15c)

u(j) ∈  , j ∈ IN−10 , (15d)
u(j) − u(j − 1) ∈ g , j ∈ IN−10 . (15e)

In this problem, JN is the cost to be minimized, predicted over a horizon N , composed by the stage cost l and the
terminal cost Vf . The latter is weighted by a design parameter � ≥ 1, which allows to avoid the need for a terminal
constraint (Limon et al., 2006). Besides, notice that, lacking a description or estimate of the disturbance, the predicted
states are computed with the last available measured value, v(k).

Hence, given the measurement of the state at the current step x(k), future predictions are obtained for the follow-
ing N steps, denoted x̂(j|k), j = 0,… , N − 1. The optimal sequence resulting at a time k is denoted u∗, and its
cost J ∗N .
3.2. Stability

In order to prove the stability and convergence to the path of the closed-loop system, some standard assumptions
in the design of model predictive controllers must hold true (see Rawlings et al. (2017)).
Assumption 2. The stage cost l is continuous and positive definite. Besides, given two -function �x, �u, then

l(x,u) ≥ �x(‖x‖) + �u(‖u − ur‖), (16)
where ur stands for the reference of the control input.

Assumption 3. There exists a terminal controller �f (x), a terminal cost Vf (x), and a region Ω
 = {x ∶ Vf (x) ≤ 
}
such that, for all x ∈ Ω
 :

�1(‖x‖) ≤ Vf (x) ≤ �2(‖x‖), (17a)
Vf (x+) − Vf (x) ≤ −l(x, �f (x) − ur), (17b)

�f (x) ∈  , (17c)
�f (x+) − �f (x) ∈ g , (17d)

where �1 and �2 are -functions, and x+ = f (x, �f (x), 0).

Let define the so-called feasibility region XN (�), given a constant ' > 0:
XN (�) = {x ∶ J ∗N (x(k)) ≤ N' + �
}. (18)

Next, before taking into account the robust stability of the design, nominal stability (i.e., in absence of disturbances)
is stated.
Theorem 1. Consider that Assumptions 1-3 hold. Then, in absence of disturbances, given x(0) ∈ XN (�), the closed-
loop system is asymptotically stable.

The proof of this Theorem follows from the proof of (Manzano et al., 2019, Theorem 1), tailored to the PF prob-
lem considered here. First, note that, in absence of uncertainty, the nominal case holds. In other words, the predic-
tions x̂(j|k) match the real system x(k + j), ∀j.

Then, the proof makes use of the following lemmas:
Lemma 1. ∀x ∈ Ω
 , J ∗N (x) ≤ �Vf (x).

Proof. Summing Eq. (17b) over the prediction horizon yields:
N−1
∑

j=0
Vf (x(j + 1|k)) − Vf (x(j|k)) ≤

N−1
∑

j=0
−l(x(j|k), �f (x(j|k))
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= Vf (x(N|k)) − Vf (x(k)) ≤ −
N−1
∑

j=0
l(x(j|k), �f (x(j|k)).

Provided that:
J ∗N (x(k)) ≤

N−1
∑

j=0
l(x̂(j|k),u(j)) + Vf (x̂(N|k)) ≤ Vf (x(k)),

we have that:
J ∗N (x(k)) ≤ �Vf (x(k)),

which proves the lemma. ■

Lemma 2. If x∗(j|k) ∉ Ω
 ,∀j, then J ∗N (x(k)) ≥ N' + �
 .
Proof. The constant ' > 0 in Eq. (18) is defined such that:

∀x ∉ Ω
 , l(x,u) ≥ '.

Then, if x∗(j|k) ∉ Ω
 for any j,
N−1
∑

j=0
l(x(j|k),u) ≤ N',

and Vf (x(N|k)) > 
 , which leads to the expression in the lemma. ■

Lemma 3. If x∗(N|k) ∉ Ω
 , then any x∗(j|k) ∈ Ω
 ,∀j.
Proof. Assume that there existed an instant j < N in which x(j|k) ∈ Ω
 .From Lemma 1 and optimality we have that J ∗N (x(j|k)) ≥ �Vf (x(N|k)), and provided that x∗(N|k) ∉ Ω
 ,then �Vf (x(N|k)) > �
 . Hence �Vf (x(k|k)) > �
 . This is a contradiction, which implies that x(j|k) ∉ Ω
 . ■

In virtue of these lemmas, it can be stated that ∀x ∈ XN (�), if J ∗N (x(k)) ≤ N' + �
 , then x(N|k) ∈ Ω
 .Next, recursive feasibility is proven, defining the future shifted sequence:

ũ(j|k + 1) ≡
{

u∗(j|k) j = 0,… , N − 1
�f (x̃(j|k + 1)) j = N, (19)

where x̃(j|k + 1) is the predicted state using u∗(j|k) from x(k + 1), for j = 0,… , N − 1. Note that this sequence is
feasible, provided that u∗ is feasible. The cost obtained using ũ(j|k + 1) from x(k + 1) is denoted J̃N (x(k + 1)). Themismatch between costs is bounded as follows:

J̃N (x(k + 1)) − J ∗N (x(k)) = −l(x(k),u
∗(k))

+
[

l(x̃(N|k + 1), �f (x̃(N|k + 1))) + �Vf (x̃(N|k + 1)) − �Vf (x∗(N|k))
]

,

where the value among brackets is negative, since x∗(N|k) ∈ Ω
 . By optimality it is known that J ∗N (x(k + 1)) ≤
J̃N (x(k + 1)) and thus

J ∗N (x(k + 1)) − J
∗
N (x(k)) ≤ −l(x(k),u

∗(k)),

which implies that the closed-loop system is recursively feasible, i.e., that
x(k + 1) ∈ XN (�). ■

Stability: By definition, it is shown that
J ∗N (x(k + 1)) − J

∗
N (x(k)) ≤ −l(x(k),u(k)) (20)

≤ −�x(‖x‖) − �u(‖u − ur‖),
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J ∗N (x(k)) ≥ l(x(k),u(k)) (21)
≥ �x(‖x‖) + �u(‖u − ur‖),

J ∗N (x(k)) ≤ �x(‖x‖), (22)
where Eq. (22) holds in virtue of (Rawlings et al., 2017, Prop. B.25), provided that XN (�) is closed, and J (⋅) is
continuous and locally bounded on XN .

Once nominal stability is proven, the effect of the uncertainty in the disturbance is considered. To do so, input-to-
state stability (ISS) (Limon et al., 2009) of the proposed controller is proven, based on the following assumption:
Assumption 4. The lateral velocity (sway) v is upper bounded at all times by some constant v:

|v(k)| ≤ v, ∀k. (23)
Note that we do not require knowledge of the uncertainty bound, only its existence. We find reasonable to assume

that the lateral velocity is bounded.
Remark 1. The uncertainty in the model f is not additive, a priori (cf. Eq. (10)). However, note that, since x,u in the
product with v are within sine and cosine functions, in virtue of Assumption 4 we can state that the model mismatch
d(k) is:

d(k) = |f (x(k),u(k)) − f (x(k),u(k), v(k))| ≤ 2v,
∀x,u ∈  , d ∈ ( v ). (24)

Remark 2. Since XN (�) is compact and l, �f , and Vf are continuous, they are uniformly continuous in XN (�).
Definition 1 (ISS stability as defined by Limon et al. (2009)). A system x(k + 1) = f (x(k)) + d(k) is input-to-state
stable (ISS) with respect to d(k) if there exists a -function � and a -function � such that

‖x(k)‖ ≤ �(‖x(0)‖, k) + sup
j∈Ik0

�(‖d(j)‖). (25)

Hence, the following Theorem states that the closed-loop system is ISS with respect to the model mismatch d(k).
Theorem 2. If the assumptions of Theorem 1 and Assumption 4 hold, the closed-loop system subject to uncertainty v(k)
is ISS with respect to the model mismatch d(k).

The proof of this Theorem holds in virtue of Remarks 1 and 2, following from (Limon et al., 2009, Case C1,
Prop. 1).

4. Practical nonlinear model predictive control
As stated in Section 1, computational cost is in general the main drawback of nonlinear predictive guidance laws,

when compared to other LOS-based laws. The NMPC-based law requires to solve the optimization problem stated
in Eq. (15) every sampling time. Its complexity is mainly defined by the horizon N and especially by the nonlinear
features of the prediction model indicated in Eq. (11) and based on the discretization of Eqs. (6) and (10).

While short horizons may be suitable for this optimization problem, the nonlinearity of the prediction model, re-
flected for instance in the trigonometric functions of Eq. (10), cannot be avoided. Therefore, the proposed predictive
guidance law requires a non-negligible computational capacity, which might not be available in low-cost USV im-
plementations, or might alternatively force the sampling time of the guidance law to be higher than admissible to
effectively follow the desired path.

That is the reason why a linearized version of the NMPC-based guidance law presented in Section 3 is proposed in
this section, inspired in the Practical Nonlinear MPC (PNMPC) technique (Plucenio et al., 2007; Plucenio, 2010). This
technique is based on a novel interpretation of the procedure used by traditional linear MPC techniques to compute
the predictions, avoiding iterative algorithms, allowing to use the same methods as linear MPC strategies to obtain the
control actions, and imposing no constraints on the nonlinear model structure. This technique has been successfully
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applied to other NMPC-based scheduling and control strategies, obtaining time-efficient implementations of highly
nonlinear predictive controllers (Bejarano, 2017; Bejarano et al., 2020).

In traditional linear MPC techniques, the vector of predicted outputs ŷ along horizon N (which might match the
vector of system states x̂, as in this case) can be expressed as a linear function of the vector of future increments on
the control inputs Δu, where the free response yf ree and the forced response yforced are explicitly separated, being G a
constant matrix denominated dynamic matrix of the model, as shown in Eq. (26):

ŷ = yf ree + yforced = yf ree +G ⋅ Δu. (26)
The system model shown in Eq. (11) can be also expressed as indicated in Eq. (27):

ŷ = g(ypast ,upast ,Δu), (27)
where the predicted output vector ŷ turns out to be a given nonlinear function g(⋅, ⋅, ⋅) of the current and past outputs
ypast , the past control inputs upast , and the future increments of the control actions Δu. g simply refers to the recursion
of the nonlinear function f in Eq. (11) along the considered horizonN .

If the structure of the linear MPC shown in Eq. (26) is intended to be mirrored, the predicted output vector ŷ can be
divided into two parts: the free response yf ree, only due to the current and past outputs ypast and the past control inputs
upast , and the forced response yforced, affected by the future increments on the control actions Δu. Concerning the
free response yf ree, this vector can be easily computed by recursively simulating zero future increments on the control
actions to the original nonlinear model expressed in Eq. (11) along the horizonN , as indicated in Eq. (28):

yf ree = g(ypast ,upast ,Δu = 0). (28)
Regarding the forced response yforced, the PNMPC algorithm proposes an approximation based on a first-order lin-
earization of the MacLaurin series, given that it is computed around Δu = 0, as described in Eq. (29).

yforced ≈ GPNMPC ⋅ Δu,

GPNMPC ≡
)ŷ
)Δu

|

|

|

|Δu=0
.

(29)

Therefore,GPNMPC represents the Jacobian matrix, including the gradient of ŷ with respect to all future increments on
the control inputs Δu along the horizon. Eventually, state feedback is applied at every sampling time to avoid offset
and close the loop.

Although several numerical algorithms to computeGPNMPC have been presented in the related literature formultiple-
input-multiple-output (MIMO) systems (Plucenio et al., 2007; Plucenio, 2010; Bejarano, 2017), in this case the continuous-
time equations describing the nonlinear model indicated in Eqs. (6) and (10) can be used to compute analytically the
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gradients, as shown in Eq. (30):
)ẋe
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(30)

where the 0 subindex refers to the current instant, applicable to the system states xe, ye, and z (or conversely !, as
expressed in Eq. (30)), to the manipulated inputs u,  , and utar , and to the measured disturbance v.

Then, the Jacobian matrix GPNMPC can be built as shown in Eq. (31):

GPNMPC =

⎡

⎢

⎢

⎢

⎢

⎢

⎣

GPNMPC1 0 0 ⋯ 0
GPNMPC2 GPNMPC1 0 ⋯ 0
GPNMPC3 GPNMPC2 GPNMPC1 ⋯ 0

⋮ ⋮ ⋮ ⋱ ⋮
GPNMPCN GPNMPCN−1 GPNMPCN−2 ⋯ GPNMPC1

⎤

⎥

⎥

⎥

⎥

⎥

⎦

∈ ℝ3N ×3N , (31)

where GPNMPCi ∈ ℝ3× 3, i ∈ IN1 , can be computed from the gradients indicated in Eq. (30) as shown in Eq. (32):

GPNMPCi = i ⋅ Tm ⋅

⎡

⎢

⎢

⎢

⎢

⎢

⎣
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)ẏe
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|
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)ẏe
)utar
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)ż
)u

|

|

|

|0

)ż
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|

|

|

|0

)ż
)utar

|

|

|

|0

⎤

⎥

⎥

⎥

⎥

⎥

⎦

, (32)

being Tm the sampling time. Notice that, since the system to be controlled is nonlinear but time-invariant, the compu-
tation of the Jacobian matrixGPNMPC can be simplified by shifting theGPNMPCi matrix along the horizonN , as shown
in Eq. (31).

Once the Jacobian matrix GPNMPC is computed at the current instant, together with the free response yf ree, alinear prediction model is available. Therefore, quadratic programming algorithms applied in standard linear MPC
formulations can be applied to solve the optimization problem at the current instant, which matches the one detailed in
Eq. (15) with the only difference of the linearized prediction model. As a result, the computing time of the optimization
is much reduced with respect to the original NMPC-based guidance law described in Section 3. At the following
sampling time, the linearized model is recomputed again, evaluating the gradients shown in Eq. (30) at the new instant,
and then solving again the optimization problem.
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5. Case study
In this section, the proposed guidance lawswill be applied in simulation to a specific PF problem of the Cybership II,

a 1:70 scale replica of a supply ship for the North Sea, described and identified by Skjetne et al. (2004). The USV
dynamics in terms of relative velocities described by Fossen (2011); Xia et al. (2019) have been simulated in order
to also consider non-rotational currents as external disturbances. MATLAB® software has been used to perform all
simulations, using a laptop with an Intel® Core™ microprocessor i5-7200U CPU @ 2.50 GHz 8 GB RAM.

First, in subsection 5.1, the proposed NMPC-based guidance law will be compared to other line-of-sight laws
existing in the literature, namely the SGLOS law presented by Wang et al. (2019), the ALOS law developed by Fossen
et al. (2015), and the CLOS law proposed by Miao et al. (2017). Second, once highlighted the advantages of the
original NMPC-based guidance over other laws, the reduction of the computational cost given by the PNMPC-based
simplified law will be shown in subsection 5.2, while the performance indices of both strategies will be compared
under more realistic conditions.
5.1. Comparison between the proposed NMPC guidance and other existing laws
5.1.1. Description of the case study

In terms of !, the desired path in the case study is given by:
xp(!) = 1.25! + 10 sin(2�!∕40) + 5, (33a)
yp(!) = 1.75! − 0.01!2. (33b)

The USV is originally positioned at x = 10m, y = 10m, while the initial point of the virtual target on the path is
assumed to be ! = 2.5. The desired surge velocity ur is 0.15m s−1, while a sampling time of 1 s is considered for the
guidance law.
5.1.2. Design of the proposed NMPC-based guidance law

The proposed NMPC-based guidance law is designed as detailed in Section 3, with a quadratic stage cost given by
Eq. (34):

l(x,u) = ‖x‖QNMPC + ‖u − ur‖RNMPC , (34)
with diagonal weighting matrices QNMPC and RNMPC given by:

QNMPC = diag(1, 1, 1 ⋅ 10−5), (35a)
RNMPC = diag(10, 1 ⋅ 10−5, 1 ⋅ 10−5). (35b)

The control law given by Wang et al. (2019) is used as the terminal control law, tuning the parameters such that:

�f (x) =

⎡

⎢

⎢

⎢

⎣

0.3
√

y2e + 0.25
�p(z) − arctan(ye∕0.5)
0.8xe + u cos( − �p(z))

⎤

⎥

⎥

⎥

⎦

. (36)

The Lyapunov function given by Wang et al. (2019) is also used as terminal cost, weighted by the matrix PNMPC:
Vf (x) = ‖x‖PNMPC . (37)

The weighting factor of the terminal cost (recall Eq. (15)) is taken � = 1.1, and the weight PNMPC is computed
following standard procedures of MPC (see Rawlings et al. (2017)), using a linearized state-space model around the
equilibrium point given by x = (0, 0, 1 ⋅ 10−2) and u = (0.1 ⋅ ur, �p, 0.1 ⋅ ur), applied to the desired path, previously
defined.

The constraints on the inputs are given by Eq. (14), with parameters �=0.01m s−1, ū=0.225m s−1, ūtar=0.75m s−1,
�u=0.05m s−1, and � = �∕4 rad. The reference vector for the control actions is given by ur = (ur, 0, ur), although inpractice, the weights chosen inRNMPC (cf. Eq. (35b)) imply a reference only on the surge. The prediction and control
horizonN is set to 3 samples and the interior-point algorithm is used as the numerical optimization procedure to solve
the nonlinear problem.
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Figure 3: Desired path and comparison between performances of the NMPC with respect to existing LOS laws

5.1.3. Results
A closed-loop simulation with the proposed NMPC-based guidance law is shown in Fig. 3, where the sway distur-

bance is a sinusoidal signal with amplitude 0.15m s−1 and period 60 s. The desired path is represented in blue and the
performance of the proposed law is the orange dashed-dotted line.

This performance is compared to other three laws existing in the literature. In these comparisons, the control
actions are forced to meet the bounds detailed in subsection 5.1.2. Such guidance laws have been tuned to achieve fast
convergence to the desired path while ensuring a smooth behaviour. The SGLOS law proposed by Wang et al. (2019)
is shown with the dashed yellow line. Its parameters are Δ = 0.5m, k1 = 0.3 s−1, and k2 = 0.8 s−1. The ALOS law
by Fossen et al. (2015) is represented by the dotted purple line, with parameters Δ = 0.5m and 
 = 0.003. Finally,
the CLOS by Miao et al. (2017) is shown in green dotted line, with parameters Δ = 0.5m and k1 = 0.8 s−1. All theseparameters are named according to the original notation by their authors, Wang et al. (2019), Fossen et al. (2015),
and Miao et al. (2017), respectively.

It can be observed that the NMPC-based law approaches the path in a more direct way, incurring into smaller PF
errors. Once the path is reached, all the controllers exhibit a similar behaviour, except for the ALOS.

Note that a more conservative tuning of the existing LOS laws, trying not to violate the input constraints, could have
been considered, at the expense of reaching the neighbourhood of the origin more slowly. Moreover, it is important to
remark that tuning the existing LOS laws is not a trivial problem. Furthermore, unlike the NMPC-based guidance law,
it is not possible to theoretically impose any constraint on the existing LOS laws, neither on the control actions nor on
their increments.

The control actions of the closed-loop system are shown in Fig. 4 and 5. The surge (dashed orange line) and the
virtual target velocity (dotted orange line) for the proposed guidance law are shown in Fig. 4, together with the desired
value (solid blue line), the maximum allowed surge (dashed blue line), and finally the surge (dashed yellow line) and
the virtual target velocity (dotted yellow line) for the SGLOS law. The surge in the ALOS and CLOS strategies is not
controllable, as they assume a steady forward speed of the vessel. It can be noted that the constraints on the maximum
surge and the maximum allowed variations of the surge along time are met, thanks to the constraint awareness of the
NMPC framework, while the SGLOS control actions have to be externally bounded.

In Fig. 5, the heading angle is shown, together with the path angle �p (blue line). Furthermore, the heading angles
corresponding to the other LOS laws are represented. Notice that, for all the controllers, the virtual target velocity (when
used) and heading angle present an oscillating behaviour, due to the imposed oscillating profile of the disturbance v,
which is rejected by such control actions.
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Figure 4: Surge-related variables of both the SGLOS and the NMPC-based guidance laws
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Figure 7: Comparison of the cross-track error for the LOS and the NMPC-based guidance laws

The along- and cross-track errors are represented in Fig. 6 and 7, respectively. These figures compare the error
obtained with the proposed NMPC-based law (dashed-dotted orange line) and the existing LOS laws with forced input
constraints. In case of the along-track error, which is a virtual signal, the ALOS technique does not consider a virtual
target point, and hence xe does not exist. The NMPC drives such error to zero faster than the CLOS and the SGLOS,
which oscillate around the origin and stabilize slower, as shown in Fig. 6. The NMPC law is also faster when driving
the cross-track error to zero, compared to the mentioned existing LOS laws, as shown in Fig. 7.

Given that in the simulations presented in this subsection the sway v is bounded and its upper bound is v =
0.15m s−1, please notice that the input-to-state stability of the proposed NMPC controller is theoretically ensured
with respect to the model mismatch d, which turns out to be bounded by 2v, according to Eq. (24).
5.2. Comparison between the NMPC-based guidance law and the PNMPC-based simplified law

Although an ideally perfect low-level control is usually assumed in the PF literature (i.e., ideal tracking of the set
points computed by the guidance law, given the cascade control structure), several uncertainties and considerations
will be introduced in this subsection to simulate more realistic conditions under which the whole control strategy is
likely to operate in real situations. Namely, uncertainties caused by different sampling times between the high and
low-level controllers, described in subsection 5.2.1, low-level closed-loop dynamics, detailed in subsection 5.2.2, and
frequency-varying disturbances, indicated in subsection 5.2.3, are simultaneously considered. The case study and the
parameters of the NMPC-based guidance law are the same as already detailed in subsection 5.1. The simulation results
of both the original NMPC-based law and the simplified PNMPC-based one are compared in subsection 5.2.4.
5.2.1. Separate dynamics

Considering that the proposedNMPC-based law uses a receding horizon technique (that is, an optimization problem
must be solved every time step), the choice of the sampling time is not trivial. On the one hand, if a too small sampling
time is chosen, the time that the controller takes to obtain the solution of the optimization problem may be longer
than the sampling time itself. On the other hand, if the sampling time is very large, the frequency with which the
controller changes the references of the surge and heading will be very low, so optimality could be affected. Therefore,
selecting the sampling time is always a trade-off between optimality and feasibility. In this case study, a sampling time
of 1 s has been used for the guidance law, considering that the computing power of the on-board computer in charge
of implementing the motion control could be limited in the case of low-cost USVs.

The sampling time of the low-level control usually has more severe time constraints as that of the guidance law,
to ensure the suitable tracking of the set points provided by the latter. Thus, assuming a cascade control structure,
the sampling time of the low-level controller is reduced one order of magnitude. In this case study, the model of the
low-level control block and the system described in Eq. (11) are integrated considering an integration step equal to the
sampling time of the low-level controller, to simulate the difference between those sampling times. Specifically, the
value used for this integration step is 100ms.
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Notice that considering different sampling times introduces errors in the high-level controller predictions, because
such predictions are computed using the model with an integration step of 1 s and with the value of the disturbances
sampled at that time. However, the simulation is performed with an integration step of 100ms with the disturbances
sampled at that shorter time. This means that, from the high-level controller point of view, the disturbance signal is
constant during all its higher sampling time, but in the simulation, the disturbance varies within that interval. The
uncertainty due to the difference between high- and low-level sampling times is reflected in the prediction errors.
5.2.2. Low-level closed-loop dynamics

From the guidance law point of view, the low-level controller is usually assumed to perfectly track the references.
In addition to the uncertainty described in subsection 5.2.1, the uncertainty generated by the dynamics of the actuators
and the low-level controller are intended to be considered. In practice, the actuator capabilities must be taken into
account, since actual motors and rudders do not provide instantaneous response, causing the surge and heading angle
to take a while to track the set points provided by the guidance law. In this work, the modelling of these dynamics is
performed by filtering the reference signals (surge and heading angle) provided by the guidance law. The selected filter
is a second-order transfer function with real double poles at s = −7.6923 and with an output delay of 0.13 s. Fig. 8
shows the filtered output for a unit step input.

Notice that, when filtering the surge and heading references, the set points provided to the low-level controller are
different to the expected set points of the high-level controller, causing discrepancies between the predicted and the
simulated behaviour. This is another source of uncertainty, which together with the previous one, intends to emulate a
more realistic behaviour.
5.2.3. Frequency-varying disturbance

As stated in Section 2, the disturbances affecting the system can be due to different external sources, such as
wind, waves, and currents. As explained in Section 3, the effect of all these disturbance sources is gathered in the
non-measurable sway velocity v.

In order to study different unfavorable situations for the proposed controller, a frequency-varying profile has been
introduced as for the disturbance v. Fig. 9 shows the proposed profile for the sway along time. It is composed of two
mirrored chirp signals, with amplitude 0.15m s−1 (matching the value of the desired surge ur), varying from 1∕60Hz
to 1∕30Hz at 200 s, and vice versa.
5.2.4. Results

A closed-loop simulation with both the original NMPC-based guidance law and the simplified PNMPC-based law
is shown in Fig. 10, where the desired path is represented in blue and the performance of the proposed predictive laws
are the dashed red and the dotted black lines respectively.

In the upper left corner, Fig. 10 also shows in detail how the proposed controllers approach the path. Furthermore,
the effect of disturbances can be appreciated in the lower right corner of the figure. Notice that both predictive strategies
have a similar path following performance, although the complex NMPC-based law approaches the path faster than
the simplified PNMPC-based law.

The set points of the surge and virtual target velocity for both strategies are shown in Fig. 11, as well as the desired
surge, while Fig. 12 represents the set points of the heading angle, together with the path angle �p.Notice how the constraints on themaximum values andmaximum allowed variations of the surge and heading along
time are met by both predictive strategies, thanks to the constraint awareness of the predictive framework. Notice also
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Figure 10: Path following performances of the NMPC- and PNMPC-based guidance laws
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Figure 11: Surge-related variables of the NMPC- and PNMPC-based guidance laws

that both the virtual target velocity and the heading angle present an oscillating behaviour, whose frequency varies due
to the sway. Since the surge must be kept as close as possible to the desired value, once that the USV is close to the
desired path, the controller uses the remaining control actions (utar and  ) to reject the disturbance caused by the sway
v. Notice that, when the disturbance has the highest frequency (around 200 s), the deviations of the surge with respect
to the desired value are greater, since the constraints imposed on the increment of the control actions make insufficient
the feasible oscillating response to reject completely the disturbance.

The PF errors are shown in Fig. 13 and 14, respectively, with detailed portions around the origin in both figures.
Both strategies present again similar performance, although the NMPC-based law incurs in lower PF errors than the
PNMPC-based law.

Finally, the computing times of both strategies are compared in Fig. 15. As described in subsection 5.2.1, in this
case study the sampling time of the high-level controller is set to 1 s. Thus, this sampling time is a computational
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Figure 12: Angle variables of the NMPC- and PNMPC-based guidance laws
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Figure 13: Comparison of the along-track error for the NMPC- and PNMPC-based guidance laws

constraint to solve the optimization problem presented in Eq. (15), for both predictive strategies. Fig. 15 compares the
computing times for the 400 iterations of the optimization problem.

It can be observed that, despite all the iterations being solved satisfying the sampling time constraint in both
strategies, the computing times of the PNMPC-based controller are much lower than those of the original NMPC-
based law, achieving an average reduction to the 3.87% of the NMPC computing time. Therefore, the simplified
PNMPC-based guidance law is shown to reduce the computational cost of the original NMPC-based guidance law
while providing a similar performance in terms of path following, which makes it more suitable to be implemented on
on-board computers in the case of low-cost USV implementations.
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6. Conclusions and future work
This work has proposed a nonlinear model predictive control-based guidance law for path following problems

applied to unmanned surface vehicles. In addition to enable the application of predictive strategies to the low-level
controller, through the computation of future references for the surge and heading angle, this guidance law overcomes
some drawbacks of other line-of-sight-based guidance laws, which cannot consider constraints or use the a priori
knowledge of the desired path and surge. The stability and robustness of the proposed predictive guidance law have
been theoretically shown, whereas indications about parameter tuning of the predictive strategy have been also given.

However, while non-predictive guidance laws are usually effective enough for PF problems and very fast to im-
plement, the proposed strategy involves solving a highly nonlinear optimization problem at every sampling time, thus
requiring a non-negligible computational capacity. A practical predictive strategy has been applied to generate a sim-
plified version of the proposed law, by linearizing the model along the trajectory. This allows to apply quadratic
programming algorithms to solve the optimization problem, giving rise to a faster implementation.

The effectiveness and superiority of the proposed guidance law over various recently proposed non-predictive
strategies has been illustrated in simulation, while the linearized version of the proposed predictive law has shown to
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provide an average reduction to the 3.87% of the computing time of the NMPC optimization problem.
As future works, the extension of the proposed strategy to the output constrained case for obstacle avoidance is

intended, as well as integrating the guidance law with a predictive low-level controller. In addition, a deeper analysis
on the robustness performance of the proposed predictive controller under a variety of dynamical uncertainty sources,
such as those described in subsection 5.2, will be addressed. Moreover, the proposed algorithms are intended to be
applied to actual USVs that are currently being built at the laboratory of Universidad Loyola Andalucía1.
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