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Abstract

In this paper, a distributed set-membership estimator for linear full-coupled systems affected by bounded disturbances is
presented. The estimator uses a multi-hop staircase decomposition, capturing the locally unobservable subspaces in a cascaded
fashion with the information incoming from other agents involved in the network. Each agent has to find different sets for each
subspace, that are mathematically described by zonotopes. The observer gains that minimize the size of those sets, i.e. the
estimation uncertainty, can be designed in independent distributed steps by means of simple algebraic equations. Simulations
are given to compare the proposed solution with others in the field. An important benefit of the proposed structure is the
reduction of the computational requirements with respect to existing solutions.
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1 Introduction

The application of a significant amount of techniques,
in particular, advanced control or fault-detection, are
based on a state-space description of the system. In most
cases, the information about the current state of the
system is not available, therefore it is necessary to resort
to estimators of the plant states.

Moreover, the growing number of embedded sensors dis-
persed in complex systems is promoting the application
of distributed estimation schemes. In Ge, Han, Zhang,
Ding & Yang (2019), Ierardi et al. (2019), Zou et al.
(2020) different distributed estimators are surveyed
with a variety of focuses. Distributed event-triggered
mechanisms for estimation are analysed in Ge, Han,
Zhang, Ding & Yang (2019); different techniques ap-
plied to cyber-physical systems are studied in lerardi
et al. (2019); and the recent advances of moving horizon
estimation are summarized in Zou et al. (2020).

A wide variety of observers and estimation techniques
have been presented in the literature. There are many
works based on distributed versions of the Kalman Fil-
ter, such as Chen et al. (2019), He et al. (2020). Other ap-
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proaches adapt the Luenberger observer to distributed
paradigms using consensus techniques del Nozal et al.
(2019), Mitra & Sundaram (2018). The application of
H, theory Ge, Han & Wang (2019), Ugrinovskii & Frid-
man (2014), moving horizon schemes Chen et al. (2017),
Farina et al. (2010), Yin & Liu (2017) or bayesian ap-
proaches Battistelli & Chisci (2014), have also obtain
remarkable results.

Notwithstanding, the literature concerning distributed
set-membership estimation is more scarce. Most of the
references make use of ellipsoids, intervals or zonotopes
to describe the sets. In general, zonotopic formulations
help to reduce the computational load compared to el-
lipsoidal formulations, because many operations, such
as linear transformations and summations, can be easily
computed with simple algebraic manipulations. On the
other hand, zonotopes usually obtain more precise esti-
mations than those estimators based on intervals, Alan-
war et al. (2020), Tang et al. (2019).

The review of the state of the art begins with distributed
estimators with ellipsoidal descriptions. The authors in
Liu et al. (2020) use the Round-Robin communication
protocol and the multi-rate strategy to regulate the dif-
ferent sampling rates in the estimation performance. An
event-based communication mechanism over sensor net-
works is presented in Ma et al. (2016). The work Xia
et al. (2018) proposes a distributed set-membership es-
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timation algorithm in which the ellipsoids locally com-
puted by all the agents are merged in a global central
unit. Finally, interval observers have found application
in the estimation of distributed power systems Zhang
et al. (2020), and for spatially distributed systems de-
scribed by partial differential equations Kharkovskaia
et al. (2020).

Regarding distributed zonotopic estimation most works
deal with the estimation of a system described by a set
of interconnected subsystems, and the estimation goal
of each agent is to construct sets containing the states of
the local subsystem Combastel & Zolghadri (2018), Ori-
huela, Milldn, Roshany-Yamchi & Garcia (2018), Ori-
huela, Roshany-Yamchi, Garcia & Milldn (2018), Wang
et al. (2017), Wang et al. (2018). Instead, the papers
Alanwar et al. (2020), Garcia et al. (2020) present es-
timators able to reconstruct and wrap the whole state
vector. The former proposes the use of diffusion tech-
niques and in Garcfa et al. (2020) they tackle the joint
problem of distributed estimation and control.

These two last papers Alanwar et al. (2020), Garcia et al.
(2020), together with Xia et al. (2018), constitute the
unique references, from the best of our knowledge, that
cope with the same problem as the one studied here,
this is, to present a guaranteed distributed estimation
method for full-coupled linear perturbed systems to be
implemented in a set of distributed agents that need
to communicate and collaborate to achieve this goal.
A novel algorithm is proposed for this problem aiming
at reducing the computational requirements. The main
contributions of this paper are summarized next:

e The multi-hop staircase decomposition in del Nozal
et al. (2019) is used, so the dynamics of the sys-
tem can be rewritten allowing to present a cascaded
implementation of the distributed set-membership
observer.

e According to the previous transformation, each
agent is required to compute now a family of sets,
one for each subspace, instead of a unique but
larger set for the complete state space.

e The observer structure aims to minimize the esti-
mation uncertainty computing adequate local and
neighbour gains. These gains can be designed in
independent and simple distributed steps, through
the solution of algebraic equations.

The proposed method is able to reduce the compu-
tational requirements compared to existing solutions,
keeping a similar estimation performance. This work ex-
tends our preliminary result in the IFAC WC Orihuela
et al. (2020), in which only two agents were considered.

This paper is organized as follows. Section 2 presents
some notation and preliminaries on zonotopes and on
the multi-hop staircase decomposition. The system def-
inition and the problem statement are presented in Sec-

tion 3. Section 4 describes the proposed distributed set-
membership observer. Section 5 presents some consider-
ations about computational requirements. Simulations
and numerical results are illustrated in Section 6. Con-
clusions and future works are drawn in Section 7.

Notation. Given a set of matrices A;, fori =1,...,n,
of appropriate dimensions, operator lcgic{Al} im-
plies the concatenation of the matrices, that Iis,
Eglt{Al} = [A4; Ay --- A,]. The operator blkdiag(A;)

returns the block diagonal matrix created by aligning
the input matrices (41, A, ..., A,,) along the diagonal.

2 Preliminaries on zonotopes

Definition 1. A zonotope X', denoted with calligraphic,
capital letters, is a centrally symmetric, convex set deter-
mined by its center ¢ € R™, and by a matrix H € R™"*?:
X ={(c,H)={c+ > ] sih;:Vi, |s| <1}, where h; €
R™ (columns of H) are called generator vectors.

The order of a zonotope is given by the number of gen-
erator vectors. The F-radius of a zonotope is the Frobe-
nius norm of its generator matrix H, this is, ||H||r =
Vtr(HT H). The covariation of a zonotope is defined as
Py = HHT (see Combastel (2015)). Let X = (¢, H) and
Vi = (¢, Hy), i = 1,...,n, be respectively a zonotope
and a set of zonotopes, and let R be a matrix of appropri-

ate dimensions. A linear transformation of a zonotope is
given by RX = (Rec, RH); the Minkowski sum of several

n n
zonotopes is obtained as & V; = & (¢;, H;) = {(¢y, Hy),
i=1 i=1

with ¢, = Y | ¢; and Hy = cat!,{H,}. Given a ma-
trix A and any vectors such that z € X and w € W,
it holds that y := Ax + w € AX @ W. The operator
red,(X), is an order reduction of the zonotope X in such
a way that X C red,(X), and the order of redy(X) is
q. There are many methods to reduce the order of the
zonotope (see Kopetzki et al. (2017), Combastel (2015)).
This paper uses the one in Combastel (2015).

3 Problem statement

In this paper, we consider the problem of set-membership
state estimation for a multi-output linear system af-
fected by bounded disturbances, observed by p agents
connected according to a given graph G = (V,€). The
system is described by the following equations:

z(k+1) = Az(k) + Dw(k), (1)
yi(k) = Cix(k) +vi(k), i =1,...,p, (2)
where x € R" is the state vector, y; € R™i is the out-

put locally measured by each agent, w € R" represents
disturbances or unmodeled dynamics, and v; € R" are



measurement noises. Matrices A, D, C; are constant ma-
trices of appropriate dimensions.

Assumption 1. Disturbances and noises belong to
known bounded sets described as zero-centered zono-
topes, this is, w(k) € W = (0,Q), vi(k) € V; = (0, R;),
being ) and R; known matrices of adequate dimensions.

Assumption 2. System (1)-(2) is collectively detectable
(see Definition 5 in del Nozal et al. (2019)).

Assumption 2 states that, for all agents, there exists
enough information and links in the graph so that they
can all reconstruct the whole state vector with local mea-
surements and neighboring incoming information.

According to the multi-hop decomposition described in
del Nozal et al. (2019) and Assumption 2, for each agent
i=1,...,p, it is possible to find a coordinate transfor-
mation matrix T; € R™*™ such that under the change of
variables z; = T, z, system (1)-(2) can be transformed
into the observability staircase form:

Wl 1 Zi 0 +1(k)
WJ& Zl,&(k)
zi(k) = | Wl 1| w(k) = | zipa(F) | 5 (3)
Wi—,rp Zi,p(k)
L Wz',To i | zio(k) |

where W; , € R"*™» is the innovation matrix of agent
i at hop p, and z; ,(k) € R™ is the transformed state
for agent 7 at hop p. Matrix W; 4,41 defines the basis of
the collectively unobservable but detectable subspace.
The transformed state vector z; (k) comprises the locally
observable modes z; o(k) and the locally unobservable
modes, that are locally observable by the other agents in
the corresponding p-hop reachable set of agent i. Using
T, ' =T, it holds:

£+1
w(k) = Tizi(k) = Y Wirzip(k). (4)
r=0
Using equation (1), we obtain:
zi(k 4+ 1) = T,V ATz (k) + T, Dw(k), (5)
with T;" AT; upper block diagonal according to Propo-

sition 9 in del Nozal et al. (2019). Then, the dynamics
at each hop is given by:

P
Zip(k+1) =Y W, AW, 2. (k) + W,[, Dw(k). (6)
r=0

Agents have the mission of estimating the state of the
system (1), having limited information about it (2), and
communication capabilities with others also limited to
their local neighbourhood. With the information avail-
able at any time instant k, let’s define the a priori and
a posteriori zonotopes for each agent and hop, intended
to contain the actual state of each subspace at instant
k + 1 and k, respectively:

o A priori: Z; ,(k + 1|k) = (ci,(k + 1)k), Hi ,(k +
1|k)),
o A posteriori: Z; ,(k|k) = (ci ,(k|k), Hi ,(k|k)).

Problem 1. Consider a system described by (1), a set
of agents measuring the outputs (2) and connected ac-
cording to a given communication graph G. Under As-
sumptions 1 and 2, and relying only on locally available
information, each agent must:

a) Find sets, by means of zonotopes, in which the actual
state of its associated subspaces are continuously
contained. In particular, a posteriori and a priori
sets must be found such that z; ,(k) € Z; ,(k|k)

and z; ,(k + 1) € Z; ,(k + 1|k), Vi, p, k.

b) Minimize the estimation uncertainty, measured
through the F-radius of the a posteriori zonotopes,
as defined in Section 2.

The main benefit of the proposed structure is the reduc-
tion of the computational requirements of the system,
as it uses the minimum information necessary to recon-
struct the whole state. This is achieved by discarding, at
every hop p, redundant information of those subspaces
that were already estimated at previous hops, thus avoid-
ing the inclusion of unnecessary data in the estimation
process.

4 Distributed set-membership estimator

In this section we will present the estimator for the
locally-observable subspace, which is based on the pre-
liminary work Orihuela et al. (2020). Later, we present
the estimator for the locally-unobservable subspaces,
which constitutes the main contribution of the paper.

4.1 Estimation of the locally-observable subspaces

TAhe a posteriori estimation set for hop p = 0, this is
Z;0(klk) = (cio(k|k), H; o(k|k)) is defined as:

cio(klk) = cio(klk —1) (7)
+Lz(k) (y7(l€) — CiWi,Oci,O(k|k — 1)) 5
H;o(klk) =[(I — Li(k)C;Wi o) Hio(k|k — 1), (8)
—L;(k)Ri],



where L;(k) € R is the local gain to be designed. On the
other hand, the a priori estimation set for hop p = 0,

thlS is 21'70(]{? + 1|]€) = <Ci70(k + 1|k)7Hz,0(k + 1|]€)>, is
described as:

T AWz Oci 0(/€|k), (9)
[W WAW; o Ho(klk), W ,\DQ]. (10)

Ci’o(k + 1|k) =
Hio(k+1]k) =

Theorem 1 Orihuela et al. (2020) Let’s assume that
zi0(ko) € 2i,o(ko|ko —1), Vi, for some particular instant
ko. Then, if the distributed set-membership observer in
(7)-(10) is implemented by every agent, Problem la is

solved for hop p = 0 and for any possible realization of
L;(k), for allk > k,.

The information locally available for agent 4 includes
the a priori zonotope Z; o(k|k — 1), the output y;(k),
and the set V; = (0, R;). Therefore, any agent is able to
distributedly compute the a posterior: zonotope at any
instant. The new a priori set Z; o(k+1|k) depends on the
a posteriori zonotope and the set W = (0, Q), which are
also locally available. Now, for the solution of Problem
1b, the observer gains L;(k) must be properly designed.

Theorem 2 Orihuela et al. (2020) Consider that each
agent implements the observer structure (7)-(10). Then,
the local observer gain L;(k) that solve Problem 1b for
hop p = 0 is given by:

Li(k) = Ps, | (1) WiloCi X
-1

(C Wz OP o(k|lk—1) z—,l—OC’z—r +PV1) ) (11)

where Pz stands for the covariation of zonotope Z as
defined in Definition 1.

4.2 Estimation of the locally-unobservable subspaces

In order to construct estimation sets for the locally-
unobservable subspaces, each agent must rely on the in-
formation provided by neighbouring agents, combining
it with the a priori set locally known.

Assumption 3. The agents are allowed to communi-
cate once during each sampling period to their neigh-
bourhood according to a given graph G.

Attending to Assumption 3, each agent will transmit at
once (at the same time) the available estimation sets of
all its hops after the estimation of the locally-observable
subspace have taken place. This is, each agent will send
to its neighboring agents the a posteriori estimation set
for hop p = 0, i.e. Z; o(k|k), and the a priori estimation
sets for hops p=1,...,4;, i.e. Zzp(k|k —1).

Having received similar information from their neigh-
bours, agent ¢ computes the a posteriori estimation set

forhopsp=1,...,¢;+1, E:’iyp(k|k), as:
cip(klk) = ( > Nijolk
JEN;

o Z Z Nijo J p—1
r=0 \jEN;
Z Niyj,p(

JEN;

Tp IWi;P> Ci7p(k|k’—1)

Wi,rci,r(k|k)+
k)ej p—1(klk —1), (12)

Hi ,(klk) =

l(I - Z Ni,j,p(k)Wij1W¢7p> H; p(k|k — 1),

JEN;

Z Ni,jvﬁ(k)Wijfl Wiﬂ”Hi,T(k‘k) ’

JEN;

cat {Njj, p(k)Hj,p—l(k|k - 1)}] , (13)

where N, ;,(k) € R™»*™»-1 are the neighbour ob-
server gains to be designed.

The a priori estimation set for hops p = 1,...,¢; + 1

will be found as:

cip(k +1|k) = Z Wi, AWiei (KE),  (14)

H; ,(k+1]k) =

P T T
Egg {Wi’pAWi,THi7T(k|k)} ,Wi’pDQ . (15)

Theorem 3 Let’s assume that z;o(k,) € 2i70(k0|k‘0),
and z; (ko) € Zi p(kolko—1),¥i, p > 0 for some particu-
larinstant k,. Then, if the distributed set-membership ob-
server in (12)-(15) is implemented by every agent, Prob-
lem 1a is solved for hops p = 1,...,4; + 1, and for any
possible realization of N; ; ,(k), for all k > k.

PROOF. The theorem will be proven by induction.
Consider z; o(k) € Z;o(klk) for all i, and z ,(k) €
Z; ,(k|k — 1) for all i and for hops p = 1,...,4; + 1 at
some instant k. It is satisfied:

ZNJP ( G.o— 125(k)

JEN;
— W)+ W, e (k).

Zip(K) = zip(K

7



being e;(k) = z(k) — #;(k). Note that the term
W]Tp 1Z;(k) plays here the role of yz( ) in hop p = 0.
This is the information that agent 7 receives and uses
to compute the estimation set. Whereas the measured
output y; (rk was contamlnated with noise v; € V;, this
signal W, _ 125 (k), representing the states that the
neighbour observes at its previous hop, is affected by
the uncertainty of the corresponding zonotope. Now,
using (4),

ZNZJP ( G.o— 125(k)

JEN;

Zip(k) = zip(
WS Wiz (k) + W, 1e](k))

and after some mathematical manipulations and ac-
cording to Lemma 3 in del Nozal et al. (2019), this is

W]Tp 1Wir=0,¥r > p, it can be obtained:
zip(k (I - Z Nijp(k ng 1W,p) zip(k)
JEN;
- Z Z Nijp(k JP 1| Winzin (k)
= JEN;
37 Mg, (2500) + ¢5(k) ).
JEN;

For p = 1, it has been assumed z; 1 (k) € Z; 1 (k|k—1) and
zio(k) € Zio(k|k), and finally agreeing that #; +¢; = x
from which it derives Wl (2;(k)+e;(k)) € Zio(klk—1)
using (3), the states are contained in:

Zi, 1 E I — Z NJ, 3, OWl 1 ZAi71(k|k‘ — 1)
JEN;
Z N,j, ]OWz OZZ O(k|k)
JEN;

® (,@ Noy (K)Z; o (kK — 1)) -
JEN;

Previous equation ensures that z;1(k) € Z; 1 (k|k), de-
fined in equations (12)-(13).

Repeating t}}e same ideas for subsequent hops, since
zip(k) € Zi,(klk — 1) holds for assumption, and
zir(k) € Zi (K|k),¥r = [0, p — 1], has been proved for
previous hops with the cascadei structure, and knowing
that W, (&;(k) + e;(k)) € Z; p—1(k[k — 1) using (3),

the states are contained in:

zip(k) € | 1 - Z Nijo(k Tp Wi 2i7p(k|k_1)
JEN;
= NijpR)W], | Wi Zi (k)
JEN;
S ERIRCENRCEE]
JEN;

Therefore, z; ,(k) has been proven to be contained in a
zonotope described by equations (12)-(13).

Regarding the a priori sets, taking into account the evo-
lution of the system in (6),

AZW’LTZZT

and using z; (k) € Z; . (k|k),¥r = [0, p] and w(k) € W
by Assumption 1, it is possible to find a set containing
Zi7p(ki + 1):

Zip(k + 1) + W, Dw(k),

siplk+1) € WA & (Wi Zir (kIK)) & W, DW,

whose center and generator matrix are the ones in (14)-
(15). Since ZL()(]C) € Ziyo(klk'), Zi)p(k‘o) S Zi,p(k0|k0 —
1), Vi, p, holds for some particular instant kg, then Prob-
lem 1la will be solved for k > kg by induction. O

Using the results of Theorem 3 and according to As-
sumptions 1 and 3, the a prior: and a posteriori zono-
topes can also be computed locally with the informa-
tion available for each agent ¢, which includes the set W,
the zonotopes Z; ,_1(k|k) and Z; ,(k|k — 1), and the re-
ceived zonotopes Z; ,_1(k|k), for all neighbours. Please
note that these sets are computed in an iterative way,
from p =1 to p = ¢; + 1, because of the cascaded struc-
ture appearing in equations (12)-(15).

Remark. Assuming that more than one transmission
might take place during each sampling period, relaxing
Assumption 3 as in a multi-rate communication scheme
Orihuela, Roshany-Yamchi, Garcia & Milldn (2018), the
estimation algorithm can be implemented in a cascaded
fashion, so that each agent builds and transmits the esti-
mated set at each hop. Then, the a posteriori estimation
sets Z; ,_1(k|k) could be used in (12)- (13), instead of
the a priori sets Z; , 1 (k|k —
the performance.

1), which would improve

For the solution of Problem 1b, the observer gains
N; ; ,(k) must be properly designed.



Theorem 4 Consider that each agent implements
the observer structure (12)-(15). The neighbour gains
N, j,p(k) that solve Problem 1b for hopsp =1,...,4;+1,
are:

Ni,pr) £ cat {N,J ok )} =
T T BT, -\ 1
= Ps ey Wi, W (WTPW +G) ., (16)
with:

G = blkdiag P

lkdiag P, -1 (k-1 (17)

=WioPz, -1y W, +ZWWP ey Wit (18)

W= cnt (W1}, (19)

where Py denote the covariation of zonotope X, defined
in Section 2.

PROOF. The F-radius of Z; ,(k|k) is the Frobenius
norm of H; ,(k|k). The argument N; ,(k) that minimize

the F-radius of Z; ,(k|k) is the same argument that min-
imize J; ,(k) £ tr(Ps, p(k|k))7 forhopsp=1,...,¢;+ 1.
Function J; ,(k) is convex with respect to N; ,(k), so the
gain that minimize J; ,(k) hold:

Ni (k) = arg (M = 0) : (20)

From equation (13), the covariation of the corresponding
zonotope at hops p=1,...,¢; + 1 is given by:
Péi,p(mk) = Pz?i,p(mkq) _Ni,p(k)W Wi Pz, o (k|k—1)
T AT T
- Pz},,,(k|k—1)Wz',pWNi,p(k) + Nio(k)GN,! (k)
+ N (k)W TPWN, (k),
where the definitions in (17)-(19) have been used. Now,

from equation (20), taking derivatives with respect to
the trace, it yields:

otr (Pz, win))
ON,, (k)
— oW W, Py

=2W T SWN, (k)"

L(klk—1) T 2G N, (k )’
+2WTPWN, ,(k)". (21)

By solving (21) the optimal neighbour observer gain in
(16) is obtained to minimize the F-radius of the a pos-
teriori zonotope Z; ,(k|k).

In a way similar to Theorem 3, the neighbour observer

gains must be obtained in a cascaded way, from p = 1
to p = ¢; + 1, so that term (18) can be computed. Then,
Problem 1b for all hops is solved. O

From Theorem 4, and after computing the gains (16),
each agent has to pick the corresponding columns of
N, p(k) to build N; ; ,(k) for each neighbour and hop.
For the sake of clarity and ease of implementation, the
iterative procedure to be implemented in each agent is
presented in Algorithm 1.

Algorithm 1: Estimation loop

0. Initial zonotopes Z; o (k|k—1),
1. Measurement y; (k) with (2)
2. A posteriori estimation
2.1 Local gain L;(k) with (11)
2.2 Zonotope Z; o(k|k) with (7)-(8)
3. Communication
3.1 Send Zzyo(]flk') Zb,p(k‘k — 1),Vp >0
4. A posteriori estimation
4.1 Neighbour gain N; ; ,(k) with (16)
4.2 Zonotope Z; ,(k|k),Vp > 0 with (12)-(13)
5. A priori estimation
5.1 Zonotope Z,.0(k 4 1|k) with (9)-(10),
Z; p(k + 1|k),Vp > 0 with (14)-(15)
5.2 Order reduction red (Zl o(k + 1|k)),
redq(Zi,p(k + 1]k)),¥p > 0

2 (klk—1),Yp >0

5 Computational requirements

This section compares the computational requirements
of several set-membership estimation algorithms pro-
posed. It only analyses the computational requirements
when leveraging the information of all neighbours, as the
estimation of the locally-observable subspaces has simi-
lar complexity in all cases.

All the methods present an optimization problem try-
ing to reduce the volume or size of the estimation sets,
merging the information received from the neighbours.
In all the cases, the complexity of the method is P, this
is, they can all be solved in polynomial time. However,
the number of variables and the kind of optimization
problem vary in each work.

The computational requirements are listed in Table 1.
It is denoted by O(n1,n2) when a matrix of dimension
ny X ng must be obtained. In Garcia et al. (2020), they
propose a convex combination of the local zonotope with
each received neighboring set. The weighting matrix for
this combination can be obtained with an algebraic equa-
tion (AE). In Xia et al. (2018), they have to solve an op-
timization problem subject to a linear matrix inequality
constraint (LMI) to obtain the new set, including the in-
formation of all neighbours at the same time. Finally, in



Alanwar et al. (2020), they propose an algebraic equa-
tion (AE) to find a vector of scalar weights for all the
neighbours and the local agent.

Once solved the optimization problem, the a posteriori
estimation set must be computed. In all the papers, this
set is obtained as a linear combination of the estimation
sets available for each agent. Hence, the computational
cost of this step is similar for all the algorithms and,
therefore, will not be considered in the analysis.

Table 1

Computational requirements
Algorithm Computation Method

max{f;+1}
Algorithm 1 Z O(ni,p, Z Njp—1) AE
p=1 JEN;

Garcfa et al. (2020) N x O(n,n) AE
Xia et al. (2018) O(n,n) LMI
Alanwar et al. (2020) O(1+N,1) AE

The computational requirements for obtaining matrix
N, , in (16) depends on the graph and output matrix of
each agent, but because of the multi-hop subspace de-
composition, it is, in general, more efficient than the al-
gorithm in Garcia et al. (2020), because the number of
variables of each optimization problem is smaller (see
Section 6 for a particular example). In addition, the
method proposed here scales better with the number of
neighbours and states.

6 Simulation and numerical results
6.1 System description

In order to verify the effectiveness and to show the im-
plementation of the proposed observer, a simulation and
numerical example is presented. The system is taken
from del Nozal et al. (2017):

1.005 0 0 0
0 0.9954 —0.08757 0
0 0.1248 0.9945 0
0 0 0 0.9775

x(k+1) = z(k)+w(k).

A network of four agents is considered, each one mea-
suring a different output y; and communicating through
a graph comprised of edges (1,2), (1,3), (2,4):

Y1 = [1 00 O]x+v1, Yo = {0 0.5 0.5 O]x+v2,

y3=[00 1 O]x—I—vs, Yqg = {000 1}x+v4,

Local detectability is not achieved by any of the agents,
but Assumption 2 is fulfilled. Noises and disturbances
are bounded according to Assumption 1, with R; =
0.02, Vi, and @ = 0,021.

6.2 Simulation results

The estimator proposed in Algorithm 1 will be compared
to those in Alanwar et al. (2020), Garcia et al. (2020),
both distributed zonotopic observers. For the sake of a
fairer comparison, the method in Alanwar et al. (2020)
will be implemented assuming that no communication
between the neighbours is allowed in the measurement
update. In other words, we will compare here the benefit
of the proposed observer based on the multi-hop decom-
position, with the one based in intersections of neighbor-
ing sets Garcia et al. (2020), and the diffusion algorithm
Alanwar et al. (2020).

Table 2 includes the computational requirements for
each method and every agent, illustrating the benefit
of the proposed approach compared to that in Garcia
et al. (2020). Even, for agent 3, the proposed method
is computationally more efficient than that in Alanwar
et al. (2020).

Table 2
Computational requirements for the example
Alg. Agent

Computation Agent Computation

Alg.1 1 0@2,4+0(1,2) 3  O1,1)+0(1,1)
2 0(2,2) 1 02,2 +0(1,2)

Garcia et al. (2020) 1,2 O(4,4) + 0(4,4) 3,4 O(4,4)

Alanwar et al. (2020) 1,2 0(3,1) 34 0(2,1)

In order to present a numerical comparison of the per-
formance of the observers, we define the next index for
a time horizon of N steps and agent i:

1 N lita
L= 0[S 2 B
k=1 p=0

where, with some abuse of notation, ¢; = 0, Vi, for the
methods in Alanwar et al. (2020), Garcia et al. (2020), in
which only one hop is computed. This index tries to cap-
ture the average value of the Frobenius norm of the sets
computed for all the hops and time instants. The initial
condition for the simulation is z(0) = [0,0.5,0.5,0.9].
Noises and disturbances are generated randomly meet-
ing Assumption 1, but the same random sequence is ap-
plied to the three algorithms. For the sake of a fair com-
parison, the same reduction order algorithm is imple-
mented in all cases (see Section 2).

Table 3 shows the value of the aforementioned indexes
for different values of the order of the zonotope. It also in-
cludes factor 7, which measures the computational time
increment ! with respect to the case ¢ = 10. That is, 7~

1 Authors have intentionally avoided to include the compu-
tational time for each algorithm, because the implementation
(efficient coding of the instructions) of the listed algorithms
might influence this absolute value.



measures how the computational time increases as the
order of the zonotopes ¢ grows (in Section 6.3, we will
analyse the increment of the computational time as the
dimension of the systems grows using this same factor).
It is important to remark that, in a practical implemen-
tation, all the estimators run in parallel. However, this
factor has been computed by making sequential and non-
parallelized simulations for each agent using an unique
computer (Intel Core 15-3320M at 2.6GHz, 8Gb of RAM,
Windows 10).

Table 3
Numerical results
q Algorithm Index

-
10 Alg. 1 I =[0.0818,0.1689,0.1447,0.2108] 1
1
1

Garcia et al. (2020) I = [0.1421,0.1774,0.1647, 0.1976]
Alanwar et al. (2020) I = [413.26,2.4050, 1.4753, 51.499]
I =0.0521 1
100 Alg. 1 I =[0.0535,0.0821,0.0838,0.0814] 1,32
Garcia et al. (2020) I =10.0790,0.0797,0.0826,0.0759] 1,37
Alanwar et al. (2020) [ = [27.323,0.5470,0.4458,2.3266] 1,59
I=0.0379 1,41
500 Alg. 1 I =[0.0380,0.0821, 0.0830,0.0567] 2,44
Garcia et al. (2020) I = [0.0623,0.0592,0.0677,0.0599] 6,01
Alanwar et al. (2020) I = [5.1630,0.4363,0.2953,1.3510] 6,80
1 =0.0379 4,01

Centralized

Centralized

Centralized

Table 3 illustrates that the smaller the order becomes,
the worst performance is obtained in all the approaches.
However, the methods in Alanwar et al. (2020), Garcia
et al. (2020) are more sensitive than the one proposed
in this paper, and their performance decay faster when
the order decreases. On the other hand, the greater the
order is, the higher the computational times. Again, the
proposed method presents a better decay rate in what
respect to computational times.

The diffusion method in Alanwar et al. (2020) obtains
very poor responses, specially when estimating the os-
cillatory modes by agents that do not directly measured
them. It can be concluded that the diffusion algorithm,
just by itself, is not able to produce nice estimations.
It’s worth reminding that the authors in Alanwar et al.
(2020) proposed to share the measurements between
neighbours. Of course, this will increase the performance
of the estimation.

The case of ¢ = 100 helps us understanding an interest-
ing feature of the proposed method based on the multi-
hop subspace decomposition. Agent 1 makes use of the
information measured by all the agents, since agents 2
and 3, the ones measuring the oscillatory modes, are lo-
cated at hop p = 1, and agent 4 is located at hop p = 2.

However, agent 2 is able to estimate the whole oscillatory
modes only with the local measurement, so it will not
receive any information incoming from agent 3, through
agent 1. This means that the proposed observer, pursu-
ing a reduction of the complexity, does not exploit all
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Fig. 1. Estimation performance by agent 2.

the information available in the graph. This is the rea-
son why the performance of agent 2 is a bit slower than
that achieved by the algorithm in Garcia et al. (2020).
This fact opens us the door for future extensions of the
work. Note that when all the available information is
used, as for agent 1, the proposed method yields better
performance (see Table 3) with reduced computational
requirements (see Table 2), and almost matches the one
obtained with the centralized algorithm.

Finally, for a maximum order of ¢ = 100, Figure 1 depict
some simulation results for the proposed algorithm and
the one in Garcfa et al. (2020). As Table 3 predicted,
the estimation of oscillating modes by agent 2 using the
method in Garcia et al. (2020) is slightly better than
that obtained with the method proposed in this paper.
Exploiting the redundant information is left for future
extensions.

6.3 Scalability analysis
Consider now that the dynamic matrix of the system

changes, so that block (1,1), this is A(1,1) = 1.005, is
now changed to:

1.005 0 0O
A*(L)=1] 05 1 0],
05 051

scaling the number of states of the system from 4 to 6.
The output matrices for the four agents are accordingly
re-scaled:

012[001000},022{0000.50.50},
032[000010},042{000001}.

Table 4 analyses the scalability of the methods through
the new time factor 7, that measures the ratio be-



tween the computational time needed for the enlarged
system and the time for the original system with 4 states.
The same graph, noises and disturbances are considered.
Again, the proposed method outperforms others in the
literature in terms of computational scalability.

Table 4
Time Factor 7™ for the scalability analysis
Algorithm Alg. Garcia Alanwar Centralized
1 et al. et al.
(2020) (2020)
q=100 1.08 1.65 1.89 1.11
q=>500 2.45 2.60 2.98 2.50

7 Conclusions

A distributed set-membership estimator for linear full-
coupled systems affected by bounded disturbances has
been presented in this paper. The multi-hop decomposi-
tion has allowed to propose a simple design the observers
to minimize the F-radius of the estimation sets.

Simulations have shown that the performance is compa-
rable with published results that demand higher compu-
tational resources, and approaches the performance of
the centralized case when all information is exploited. In
addition, it can be concluded that the proposed method
is more robust, in terms of performance and computa-
tional time increments, to reductions of the maximum
order of the zonotopes. Furthermore, it computationally
scales better than others when the dimension of the sys-
tem grows.

Future work will include the design and performance
analysis of a distributed set-membership observer that
takes into account redundant information.
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