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Abstract

This paper presents a novel ensemble learning framework inspired by modern
portfolio optimization to address regression problems. This formulation in
the ensemble learning field allows determining the ensemble’s weights consid-
ering the error predictions of the base learners, the variability in their predic-
tions, and the covariance among their predictions’ errors, which is completely
aligned with the bias-variance-covariance theory. Under the framework pro-
posed, four potential instantiations have also been provided. The first two
ensemble models impose the non-negativity constraints on the ensemble’s
weights (along with the equality constraint that the ensemble’s weights sum
up to one) and are solved with the active set algorithm. The second two
ensemble models do not include the non-negativity constraints on the en-
semble’s weights (which in the financial literature are called the non-shorting
constraints), giving rise to a convex quadratic programming (QP) problem
(as the matrix included in the quadratic term is symmetric and positive def-
inite) that is solved by the Lagrangian procedure. Extensive experiments
with regression datasets evaluate the proposed ensemble framework. Com-
parisons with other state-of-the-art ensemble methods confirm that the en-
semble framework yields the best overall performance.
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1. Introduction

In ensemble learning, the bagging approach aims at improving prediction
capability by combining S € R approximation functions, fs, estimated on a
set of S bootstrapping samples on the training set, s = 1,...,S (Breiman,
1996a). Many empirical studies have already reported performance im-
provements due to the bagging approach’s implementation (Breiman, 1996a;
Bithlmann and Yu, 2002; Grandvalet, 2004). The reason for this competitive
performance is in terms of the bias-variance trade-off, as bagging reduces
the variance of the aggregated predictor maintaining the bias almost con-
stant (Bauer and Kohavi, 1999). In this regard, Friedman and Hall (1999)
(Friedman and Hall, 2007) analyzed the effect of bagging in terms of the de-
composition of statistical estimators into linear and higher order parts. They
pointed out that bagging reduces the variability of the nonlinear component
by substituting it with an estimate of its expected value whilst leaving the
linear part unchanged.

In regression problems, the bagging predictor, f, is obtained as the av-

erage of S regression functions based on a set of bootstrapping samples,
s

1
f= §Z fs- Under this formulation, all base learners composing the en-

s=1
semble have the same importance in the ensemble’s final output (Breiman,

1996a). However, several studies have revealed that a simple average of
models is not always the best and that a weighted ensemble can provide,
in certain circumstances, better prediction results (Ekbal and Saha, 2013;
Bhasuran et al., 2016; Peykani et al., 2019). Whereas overfitting with a com-
plex ensemble is also undesirable, as considered in the context of the recent
COVID19 pandemic (Benitez-Pena et al., 2021).

In this regard, Perrone and Cooper (1992) (Perrone and Cooper, 1992)
compared the performance of two ensemble models: the Basic Ensemble
Method (BEM), which combines several regression base learners by aver-
aging their outputs, and the Generalized Ensemble Method (GEM), which
combines estimates of base learners by finding the optimal weight to aggre-
gate them in a way that the final ensemble minimizes the prediction error
(Perrone and Cooper, 1992; Shahhosseini et al., 2022). The authors demon-
strate that BEM can reduce the mean square error of the predictions by
a factor of S, the number of estimators. Furthermore, their numerical ex-



periments showed that the GEM model is not only consistently better than
the BEM model but also outperforms the best individual regressor, which
empirically justified the previously mentioned point stating that a weighted
ensemble model can outperform the traditional bagging model (Shahhosseini
et al., 2022).

Motivated by this drawback of the original model, several authors have
proposed different approaches to combine the base learners differently (Breiman,
1996a). The most straightforward weighting approach for regression prob-
lems is assigning weights proportional to each base learner’s accuracy per-
formance in a validation set (Opitz and Shavlik, 1995). Another interesting
approach for establishing the ensemble’s weights is to solve the least squares
problem (linear regression) with the base learners’ outputs and the desired
target variable. This approach is similar to GEM, with the difference that the
weights are not constrained to sum to one (Breiman, 1996b). The methodol-
ogy was referred to by its author as Stacked Regression, SR, and can be in-
corporated or not, in its formulation, the regularization term (Stacked Ridge
Regression, SRR) (Breiman, 1996b).

In bagging approaches, diversity is promoted implicitly in the ensemble
by modifying the training data (Reeve and Brown, 2018; Perales-Gonzalez
et al., 2019). Thus, the standard Bagging models BEM, GEM, and SRR men-
tioned previously achieve diversity implicitly by using resampling to create
different training sets for each base model. Similarly, in the Random Sub-
space method (Barandiaran, 1998), the individuals composing the ensemble
are trained on randomly chosen subspaces of the original attribute space, i.e.,
individual training sets are sampled from the attribute space. On the other
hand, Random Forest encourages diversity by training different trees with
a different bootstrap of the data and splitting the branches along different
feature subsets (Breiman, 2001).

Another alternative approach for combining base learners’ output is to
implement a neural network model that takes the base learners’ output as
input and tries to minimize the mean squared error of the combiner con-
cerning the desired output (Yang and Browne, 2004). The main difference
between this approach and the previously described approaches lies in the
nonlinear nature of the combiner. It is important to clarify that the base
learners included in the first ensemble level can be any combination of ma-
chine learning regressors. From a different perspective, Pham and Olafsson
(2020) (Pham and Olafsson, 2020) proposed to replace the regular average
with a Cesaro average, and the approach was tested in the field of Random



Forest, although it is extensible to other types of methods. The Ambiguity
Bagging Method (ABM) proposed in Krogh and Vedelsby (1995) (Krogh and
Vedelsby, 1994) included in the computation of the weights the concepts of
generalization error and ambiguity (diversity), being novel for incorporating
diversity both in the data sampling but also in the weights’ estimation. Thus,
the authors empirically showed the importance of including diversity also in
the weights’ computation. This approach is similar to the one proposed in
(Zhou et al., 2002), in which the ensemble’s weights are determined through
a genetic algorithm to minimize a function that estimates the generalization
error of the ensemble. The minimization function is the same as the ambi-
guity term included in (Krogh and Vedelsby, 1994). In addition, in (Zhou
et al., 2002), the ensemble’s weights are constrained to be greater than zero
and sum to one.

All those research studies are closely related to the approaches included
under the umbrella of Negative Correlation Learning (NCL) ensembles (Liu
and Yao, 1999c; Liu et al., 2000; Perales-Gonzalez et al., 2020; Perales-
Gonzélez et al., 2021). Under this framework, base learners are trained to
produce outputs negatively correlated (diversity) with the ensemble outputs
(in conjunction with the performance criteria, the minimization of the mean
squared error). This penalty term is included to encourage specialization and
cooperation among the base learners. Thus, diversity is fostered explicitly
in the NCL (unlike bagging) as it is directly included in the error func-
tions of the ensemble’s regressors. The framework has been implemented
in neural networks (Liu and Yao, 1999a,b) and support vector machines
(SVM)(J. Zhou and Wang, 2020). In any case, it is important to clarify
that the ensemble’s weights in the NCL framework are all assumed to be
equal (wg = é, s =1,...,5), and the training stage is focused on the estima-
tion of base learners’ parameters. The importance of minimizing correlation
among base learners was also explored in (Hashem, 1997), which illustrates
theoretically and empirically how collinearity among the base learners of the
ensemble can have harmful effects on the estimation of the optimal weights
when base learners are linearly combined. The author proposed two ap-
proaches to improve the ensemble’s performance by dropping some of the
collinear regressors. The first methodology considers collinearity between the
outputs of the base learners, and the second one collinearity between their er-
rors. From a similar approach, the authors in (Dutta, 2009) proposed several
metrics to measure diversity in ensemble models for regression. Specifically,
they proposed the correlation coefficient, covariance, chi-square, entropy, and
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a slightly modified disagreement measure (Kuncheva and Whitaker, 2001).

In the previously described studies, the ensemble’s weights are fixed and
determined from the training or validation data (using one of the ideas
described in the previous paragraphs). Another possibility for setting the
weights is to do it dynamically; namely, the weights are determined for each
pattern in the test set. For example, in the study by Jimenez (1998) (Jiménez,
1998), the weights are recomputed dynamically from the respective certain-
ties of the base learners’ outputs. The more certain a base learner seems to
be of its decision, the higher the weight. Under the same paradigm, Shen and
Kong (2004) (Shen and Kong, 2004) presented another dynamically weighted
ensemble for regression problems using the natural idea that the more accu-
rate a base learner seems to be of its prediction, the higher the weight.

As seen in previous manuscripts (Krogh and Vedelsby, 1994; Perales-
Gonzélez et al., 2021), ensemble diversity, is a central issue in ensemble
learning. It is usual to claim (in the scientific literature) that the success
of an ensemble model lies in achieving a good tradeoff between the individ-
ual performance of its component and the diversity among them (Hansen and
Salamon, 1990; Brown et al., 2005a; Kadkhodaei et al., 2020). In this regard,
Krogh and Vedelsby (1995) (Krogh and Vedelsby, 1994) theoretically prove
that at a single data point, the quadratic error of the ensemble estimator
is guaranteed to be less than or equal to the average quadratic error of the
component estimators due to the diversity component:

(f =)= wfe—y)* =D wife— f) (1)

s

where y is the target value, Zws = 1, the first term of the decomposition
s=1

is the weighted average error of the individuals, and the second one the

ambiguity term (diversity) (the larger the ambiguity term, the larger the
ensemble error reduction).

There is also a theory within the ensemble learning literature called the
bias variance-covariance decomposition theory, commonly implemented in
practice to generate competitive ensemble models. This theory breaks the
mean squared error (MSE) into three components and the optimum “diver-
sity” optimally balances the components to reduce the overall MSE (Brown
et al., 2005a,b). This theory, for example, was employed to propose a seminal



ensemble model, the previously described ABM model, in which the weights
to combine the individuals are obtained through an optimization procedure
that aims at achieving models with high mean prediction performance, and
that minimize the covariance matrix associated with the prediction of the
models in the training set (Krogh and Vedelsby, 1994).

This way of computing the weights that allow the combination of the
outputs of the individual base learners (maximizing the mean performance
and minimizing the covariance matrix) is highly similar to what is done in
modern portfolio optimization theory. In the mean-variance (MV) frame-
work, the assets’ weights are estimated assuming that a rational investor
aims to maximize returns and minimize risks. The mathematical formula-
tion of the MV optimization problem estimates the returns through the mean
and the risk through the covariance matrix. This formulation in the ensem-
ble learning field allows determining the ensemble’s weights considering the
error predictions of the base learners, the variability in their predictions, and
the covariance among their predictions’ errors, which is completely aligned
with the bias-variance-covariance theory. For this reason, we will explore
potential ensemble methods that estimate the ensemble’s weights based on
the bias-variance-covariance decomposition and the mean-variance optimiza-
tion framework from the financial literature. Specifically, we have proposed
four different ensemble learning models based on the MV optimization frame-
work, and the models are tested with 75 regression datasets and compared
with state-of-the-art bagging regression models.

The proposal has several advantages concerning state-of-the-art methods,
such as the diversity is promoted both in data and in the error function
(the NCL fosters diversity only in the error function while the BEM, GEM,
SR, and SRR only in the data level), and takes into account the individual
performance of the models and the diversity among them (the ABM method
only considers the diversity component). Whilst a similar framework has
been implemented in the literature in an unsupervised learning scenario to
adjust weights in a consensus scheme (R Unlii, 2021), in this work it is
adapted ad hoc for a supervised learning scenario in a regression problem
context.

The manuscript is organized as follows: an explanation of the Mean-
Variance optimization framework for portfolio problems is provided in Sec-
tion 2. The proposed ensemble model inspired by the previously mentioned
framework is fully described in Section 3. The experimental framework is
presented in Section 4, and the empirical results are provided in Section 5.
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Finally, conclusions and discussion are in the final part of the manuscript,
Section 6.

2. Mean-variance portfolios: Mathematical formulation, shorting
and diversification

Markowitz (1952) (Markowitz, 1952, 2014) proposed the well-known mean-
variance (MV) portfolio model under the hypothesis that a rational investor
aims at maximizing returns and minimizing risks. The MV portfolio frame-
work is a bi-objective optimization problem with an efficient frontier com-
posed of all combinations of assets that are not dominated by any other in
expected return and risk simultaneously (Masmoudi and Abdelaziz, 2018).
The MV portfolio has been widely implemented in the financial commu-
nity and accepted by professionals (Lim and Zhou, 2002; Yin and Zhou,
2004). The main advantages of the approach are: (i) its ease of use since
the approach presents the concept of return and risk in a straightforward
manner and (ii) the ease with which the optimization problem is introduced
(Fernandez-Navarro et al., 2021).

Mathematically speaking, the MV model estimates, for a portfolio con-
sisting of S assets (s = 1,...,.5), the portfolio’s weights (which represent the
percentage of the investment of each asset), wy,...,wg > 0, Zle ws = 1,
using as inputs of the optimization problem the expected excess returns (),
risks (0,) and covariances between assets (0g,). Specifically, the MV portfo-
lio is defined as:

wi,...,Ws

1S s
min 3 Z WWinO s, — )\Zwsus.
s=1

s,m=1
S (2)
S.t. Zws = 1.
s=1
Wi, ..., Ws 207
s N
where the term Z wgfts is the portfolio mean return, Z WsWiOsm, (Oss =
s=1 s,m=1

0?) is the portfolio risk and A € [0, 1] is an hyperparameter of the problem

that weights the relative importance of the mean return with respect to the
risk.



The last constraint of the MV optimization problem, wiq,...,wg > 0,
is called the no-shorting constraint. Short selling occurs when an investor
borrows an asset and sells it on the open market, planning to repurchase it
later for less money. As seen in the optimization problem, Markowitz (1952)
(Markowitz, 1952) considered the static MV portfolio selection formulation
in a market where shorting is not allowed in its original manuscript. In
addition, he developed a numerical scheme, the critical line algorithm, to
solve the static mean-variance model with no-shorting (Markowitz, 1952). In
any case, it is important to clarify that considering markets with shorting
allowed leads to the formulation of an unconstrained mean-variance portfolio
optimisation problem and facilitates the derivation of an analytical solution.

The MV optimization model can be also formulated in matrix form as
follows:

1

min  —w!Xw — A\w’ p.

weRS

st. 1w =1. (3)
w > OS7

where w = (w; ... wg)T € RS is the vector of weights for the portfolio assets,
3 € R9%9is the covariance matrix of asset’s returns, g = (py ... us)? € R is
the vector with the expected excess returns and Og and 1g are S-dimensional
vectors with zeros and ones in all the rows respectively.

The two objectives associated with the framework can be addressed sep-
arately as two independent optimization problems giving rise to the global
maximum return (GMR) (Zhou and Palomar, 2020) and global minimum
variance (GMV) (Coqueret, 2015; Maillet et al., 2015; Bodnar et al., 2018)
portfolios. The global maximum return (GMR) portfolio is a convex opti-
mization problem that can be defined as:

max W’ .
wERS

s.t. 1§W =1. (4>
w Z 057

with the trivial solution of allocating all the budget to the asset of maximum
return. This strategy does not include diversification in the investment and
traditionally performs poorly due to this fact.

The global minimum variance (GMV) portfolio does not include the maxi-
mization of expected return in its formulation and focuses only on minimizing
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risks (Coqueret, 2015). The GMV portfolio has been widely implemented in
scholarly manuscripts to evaluate and compare different proposals of estima-
tors for the covariance matrix (Bodnar et al., 2018; Coqueret, 2015; Maillet
et al., 2015). The problem is formulated as QP:

min  —w’! Xw.
weRS

st. 1iw=1. (5)
w > 057

Several authors have claimed that one of the most relevant limitations
associated with the MV portfolio is its high concentration (Klein and Bawa,
1977; Bird and Tippett, 1986; DeMiguel et al., 2009). MV-optimized port-
folios are highly concentrated on a few assets with high return and low-risk
(Lin, 2013). Assets with high expected returns will be overweighted; there-
fore, the benefits of diversification, which optimization is assumed to provide,
are reduced (Schmidt, 2019).

Several researchers have presented alternative strategies to overcome the
previously mentioned limitation of the MV model (Klein and Bawa, 1977;
Lin, 2013; Schmidt, 2019). Those approaches are denoted in the financial lit-
erature as diversification strategies for portfolio optimization (Sankaran and
Patil, 1999). Diversification reduces portfolio risk by distributing the capital
in different assets (Bird and Tippett, 1986; Kuhle, 1987). In a concentrated
portfolio (with, for example, two assets), the unexpected fall of one asset
return causes a direct effect on the final portfolio return. Contrarily, if the
portfolio is diversified, the effect of the unexpected fall is compensated by
the other asset returns.

A simple and naive way to solve this limitation of the MV model is to
attribute the same weight to all the assets included in the portfolio. Equally
weighted (EW) or “1/s” portfolios are widely used in the financial literature
(Benartzi and Thaler, 2001; Li et al., 2020; Windcliff and Boyle, 2004) as
they have been shown as a competitive alternative to the MV portfolios with
respect to out-of-sample performance (DeMiguel et al., 2009; Duchin and
Levy, 2009; Tu and Zhou, 2011). Another straightforward approach to over-
come the concentration-related limitation of the portfolio is to impose upper
or lower bounds on the asset weights (Lin, 2013). For example, Abdelaziz et
al. (2017) (Abdelaziz et al., 2007), under this approach for diversification,
proposed a portfolio optimization in which the amount invested in each asset



is bounded between zero and ten percent of the total budget, and the total
amount invested in banking leasing and insurance must be less than thirty
percent.

The last way to promote portfolio diversification is by explicitly fostering
it in the cost function of the optimization problem. In this context, for
example, Schmidt (2019) (Schmidt, 2019) proposed a diversification approach
in which a diversity booster term is incorporated explicitly into the objective
function of the MV problem, giving rise to the following QP problem:

1

min  —w!Xw — AW’ p + dwl w.

weRS 2

st liw=1 (6)
W Z 05’7

where dwTw is the diversity booster, and § € R is a parameter that specifies
the importance of the previously mentioned term. The strategy generates
EW portfolios (DeMiguel et al., 2009) when the § parameter is set to high
values and the MV portfolio when ¢ is set to zero.

Before providing the necessary details to estimate the parameters of the
models, we show in Table 1 the complete list of symbols employed in the
section, aiming to clarify the understanding of the algorithmic procedure.

3. Methodology proposed: Ensemble learning based on the mean-
variance framework

The methodologies proposed are all under the umbrella of Bagging meth-
ods, and the goal is the traditional one, that is, to learn a function, f, that
predicts the dependent variable y € R in terms of the attributes x € R¥
(being K the dimension of the input space) using a set of training set
D = {(Xn, yn) })_,, where N is the number of patterns in the training set. As
expected, the proposed ensemble methods’ parameter estimation procedure
can be decomposed into two parts: bootstrapping and aggregation. These
two parts are in line with the two typologies of parameters of the ensemble
model, f: (i) the parameters associated with the different base learners and
(i) the parameters to combine the output of these base learners. Due to
this reason, the original training set, D, is randomly split in two sets: the
training set, 7 = {(x, y! )}, which is used to fit the parameters of the S
base learners (N* is the number of instance of the subset) and the validation
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Variable

Meaning

K

N

S

D

yelR

x € R
Ti,..., Ts
Vi,..., Vs
Nt

N’U

{fi... - fs}
E € RV

p € RS
> € RS%S
AER
deR

B EeER

w € R®

Related to the input data
Dimension of the input space.
Number of patterns in the original input dataset.
Ensemble size
Original input dataset.
Dependent variable (regression problem).
Independent variable.
Training sets of the S baseline regressors models.
Validation sets of the S baseline regressors models.
Number of patterns in the different training sets.
Number of patterns in the different validation sets.
Related to the optimization problem
Optimized base learners.
Squared error of each base learner in each pattern belonging
to the validation set.
Arithmetic mean by columns of the error matrix.
Covariance matrix of the error matrix.
Hyperparameter that weights the relative importance of the
mean error with respect to the covariance.
Hyperparameter that specifies the importance of the diversity
booster term.
Lagrange multiplier.
Optimization variables
Ensemble weights.

Table 1: The complete list of variables employed in the algorithmic procedure description
and corresponding meanings.

set, V = {(x2,y4) }C

1, which is employed to determine the parameters that

combine the outputs of the base learners (NV is the number of instance of
the validation set).

Below, the two parts for the parameter estimation of the ensemble models
are described in detail.

3.1. Generation of the base learners: Bootstrap Sampling (T1, . .

- Ts)

In the first stage of the parameter estimation, called the bootstrapping
stage, different training sets should be generated to fit the parameters of the
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individual base learners. With the number of base learners denoted as S, the
original training set, D, is split into the training set, 7 and the validation set,
V. S training sets, T, of size N, by sampling from 7 uniformly and with
replacement are generated, 7q,...,7Ts. These training sets are employed to
fit the parameters of the S base learners composing the regression ensemble.
Thus, the parameters of the s-th base learner, f,, are estimated with 7,
the s-th training set. Sampling with replacement ensures each subset, 7, is
independent of its peers, as it does not depend on previously chosen samples
when sampling, s = 1,...,5. To sum up, in the proposed ensemble models,
the S base learners are all built using the same learning algorithm from a
different bootstrap sample of the original training set.

Figure 1 shows the algorithmic procedure of this first stage. The function
BootstrapResampling(7) selects N* random samples with replacement from
the training set, 7, data set and the function fit(7;) estimates the parameters
of the f, base learner from the 7, training set.

Bootstrapping stage (7):

Require: Training set: 7 = {(x%,y" )}, where x!, € RX and y!, € R.
Ensure: Optimized base learners: {f1,..., fs}.

: for s =1 until S do

Ts <+ BootstrapResampling (7).

fo  fit(Ty).

end for
return {fi,..., fs}.

Figure 1: The algorithmic procedure of the ensemble model: bootstrapping stage

3.2. Aggregation (V)

The goal of this second stage of the algorithmic procedure is to estimate
the parameters that allow aggregating the outputs from all the separate base
learners into a single prediction as part of the final model. In the case un-
der study, regression problems, the ensemble output is obtained by simply
weighted averaging of estimated outputs of the different base learners. Specif-
ically, the ensemble output for a pattern x, f(x), is obtained by convexly
combining the outputs of the base regressors, fi(x),..., fs(x), as:

S S
f(X) = Zwsfs(x)7 ws > 0, Zws =1, (7>
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where w, is the weight of the s-th regressor in the ensemble, w = (w; ... wg)? €
RS,

As seen in the previous equation, each component of the w vector weights
each base learner’s importance in the ensemble models’ final output. This
vector will be estimated under the hypothesis that promising base learn-
ers are those who report consistently low estimation errors. Thus, the two
performance metrics to be evaluated in base learners are the mean squared
error and the variance of those squared errors. The performance of base
learners will be assessed in the validation set, V), in order to promote gener-
alization performance in the ensemble model. Accordingly, the aggregation
stage begins with the construction of an error matrix, E, that reports the
squared error of each base learner in each pattern belonging to the valida-
tion set. This matrix is defined as E = (ey,4)i=1. nvs=1,.5 € RV with

2
€n,s = (fs(XZ) - y;)L) :

Once the error matrix has been computed, the two inputs of the MV op-
timization problem are estimated: (i) the mean error, p, which is the arith-
metic mean by columns of the error matrix, and (ii) the covariance matrix of
the error matrix, 3. The first element measures the individual performance
of the base learners, and the second one the consistency in performance and
correlation among errors of base learners. With these two inputs, p and 3,
along with the hyperparameter A € R, that weights the importance of the
mean squared error with respect to the variance and covariance, the ensemble
weights, w, can be determined using the ideas of portfolio weights defined in
the previous section.

Figure 2 helps to understand the algorithmic procedure of this second
stage. The function mean(E) computes the arithmetic mean by columns of
the input matrix, and the function cov(E) estimates the covariance matrix of
the input matrix. Finally, the function estimateWeights(p, 32, \) determines
the ensemble weights using as input parameters the mean squared error of
the base learners, the covariance matrix for those squared errors and the
hyperparameter A. In this research study, four different implementations
for the function estimateWeights(u, 3, \) have been proposed. The four
implementations of the function lead to the four proposed ensemble mod-
els: (i) Ensemble Mean-Variance with No-Shorting Constraints (EMVNSC),
(ii) Ensemble Diversified Mean-Variance with No-Shorting Constraints (ED-
MVNSC), (iii) Ensemble Unconstrained Mean-Variance (EUMV) and (iv)
Ensemble Unconstrained Diversified Mean-Variance (EUDMYV).

Section 3.3 describes the mathematical formulation for the first two ap-
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Aggregation stage (V):
Require: Validation set: V = {(x2,y%)},, where x! € R¥ and y¥ € R.

Trained base learners: fi,..., fs. Hyperparameter \ € R.
Ensure: Ensemble weights: w = (w; ... wg)? € R®.

w < estimateWeights(u, 3, A).
return w = (w; ... ws)? € R,

1: for n = 1 until N? do

2:  for s =1 until S do

3: en,s < ([s(xp) — y:)z)2'
4:  end for

5: end for

6: p < mean(E).

7. 3 <+ cov(E).

8:

9:

Figure 2: The algorithmic procedure of the ensemble model: aggregation stage

proaches (EMVNSC and EDMVNSC), while Section 3.3.1 details the last
two ensemble approaches (EUMV and EUDMV).

3.3. Aggregation for the Mean-Variance formulation with No-Shorting Con-
straints

In this section, we show that the MV optimization and its philosophy are
quite similar to the one traditionally used in ensemble modeling in machine
learning. Thus, MV theory could be implemented to optimize the weights
of the base learners within a bagging regression model. This section details
two potential ensemble approaches that implement the original MV frame-
work: the EMVNSC and EDMVNSC models. Both models take as input
parameters: (i) the covariance matrix of the errors, ¥ € R%*5 and (ii) the
vector of mean errors of the different base learners, u € R¥, and (iii) the
hyperparamter that defines the importance of the second term concerning
the first one, A € R. In addition, both ensemble models incorporate the
no-shorting constraints in their optimization problems, w > Og, precisely as
it was included in the pioneered study by Markowitz (Markowitz, 1952).

The EMVNSC' ensemble model. The optimization problem of the EMVNSC
model is defined as:
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1

min  —w! w4+ Aw’ p.

weRS 2

st.  1iw=1. (8)
w > Os.

It is important to stress that the optimization problem of the ensemble
model is an inequality-constrained QP that has been solved with the active
set algorithm provided by the MATLAB programming environment.

The EDMVNSC ensemble model. The optimization problem associated with
the EDMVNSC model is the same as the EMVNSC model but explicitly
includes the diversification term in the objective function. In portfolio litera-
ture, this is one of the possibilities to overcome the limitation of the portfolio’s
weights of high concentration. In ensemble learning, the diversification terms
would help avoid a few base learners dominating the ensemble’s output. The
mathematical formulation of the model is:

1

min  —w! Zw + Aw’ p + dwlw.

weRS 2

st. 1Tw=1. (9)
w Z 057

The objective function of the EDMVNSC model can also be written as:

min  w’ (12 + (51) W+ A\wl p, (10)
weRS 2

As can be seen in equation (26), diversification is achieved by adding ¢
to the diagonal of the covariance matrix, which is done to improve diver-
sification in the resulting portfolio and also helps to improve the numer-
ical stability of the matrix inversion through regularization. Specifically,
the previously shown diversification strategy is called the [-2 regularization.
Additionally, the cardinality constrained problem of the portfolio selection
problem is known as the [-0 regularization (Sadigh et al., 2012; Yaman and
Dalkilig, 2021).

Finally, the optimization problem of the EDMVNSC model is again an
inequality-constrained QP that has also been solved with the active set al-
gorithm provided by the MATLAB programming environment.
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3.8.1. Aggregation for the Unconstrained Mean-Variance formulation

This section fully describes the ensemble models that do not include the
short-selling constraints in their formulations: the EUMV and EUDMV en-
semble models. Fortunately, the optimization problems of the two models
included in this section are particularly simple since the quadratic terms of
both problems are positive definite, and there is only one equality constraint
in their optimization problems. Due to this fact, the solution process is linear
and is obtained using the Lagrange multiplier approach.

The EUMYV ensemble model. The optimization problem associated with the
EUMYV model is very similar to that of the EMVNSC but without including
the short-selling constraints, and therefore, it is defined as:

1
min  -w’ Xw + A\w’ p.
weRS 2 (11)
s.t. WTl s = 1.
The EUMYV optimization problem can be solved using the Lagrange Mul-

tiplier approach. Particularly, the Lagrangian of the optimization problem
is defined as:

L=>(W'Zw)+iw p—B(w'ls—1), (12)

DN —

enforcing VL = 0:

g—ﬁ =W+ A\ —Flg=0
% (13)
oL

— =wilg—1=0=>wllg=1= 1lw=1.

op
Therefore the solution satisfies that:
Yw =f1g — A
- Bls — Ap (14)
In this way, the solution to the optimization problem is:
w =" (B1lg — ), (15)
with the following equation for the Lagrange multiplier [:
14+ 172 " \p
b=—TJrm T (16)
17311
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The EUDMYV ensemble model. The optimization function associated with the
EUDMYV model is the same as that of EUMV but includes the diversification
term explicitly in the cost function and consequently is defined as:

1
min  —w! Zw + Aw’ p + Swlw.
weRS 2 (17)
st wlilg =1,
and, again, can be solved using Lagrange multipliers (Boyd et al., 2004). The
Lagrangian is:

1
L= §WTEW +Awl p+ owlw — B(wils — 1), (18)

where [ is the Lagrange multiplier associated with the equality constraint.
enforcing VL = 0:

%:Ew+)\u+25w—51520
ow

ar . (19)
% =w 1lg—1=0
so:
3w + 20w =f1g — A\,
w =(S +201) ! (B1g — M) (20)
where the Lagrange multiplier [ is defined as:
B:1+1a2+2ﬂrwu (21)

15(3 + 201) 115

4. Experimental Framework

An extensive experimental study was carried out to show the competitive
performance of the methodological approaches outlined in Section 3. Section
4.1 explains the structure and the stages of the computational experiments.
The description of the datasets employed and the adopted experimental de-
sign is included in Section 4.2. The definition of the ensemble models of
the experimental study, along with the configuration of their parameters, are
given in Section 4.3, whereas the measure used to evaluate the performance
is detailed in Section 4.4. Finally, statistical tests implemented to validate
the results are specified in Section 4.5.

17



4.1. Structure of the computational experiments

A comparative study of the performance of all ensemble methods in-
spired by portfolio optimization was conducted as a first step. This phase
aims to show which of the combiner philosophies introduced in Section 3 is
compared with the performances reported by the state-of-the-art ensemble
methodologies. As expected, this phase aims to demonstrate that the best
method found in the first stage is a competitive approach compared to other
state-of-the-art ensemble methods specifically designed to deal with regres-
sion datasets. Additionally, the robustness of the different ensemble methods
in the rankings of the standard deviations of the corresponding performance
metric and the computational complexity of those methods are also analyzed.

Regression Datasets

1D Dataset #Patterns #Attr. Repository
1 tic 9823 85 KEEL Repository
2 casp 45730 9 UCI ML Repository
3 friedman 40768 9 LIACC Regression Repository
4 ailerons 7154 40 LIACC Regression Repository
5 compactiv 8192 21 KEEL Repository
6 electrical-grid 10000 12 UCI ML Repository
7 parkinsons-total 5875 16 UCI ML Repository
8 delta_elv 9517 6 KEEL Repository
9 winequality-white 4898 11 UCI ML Repository
10 abalone 4177 10 UCI ML Repository
11 ANACALT 4052 7 KEEL Repository
12 student-performance-por 649 43 UCI ML Repository
13 parkinsons-speech 1040 26 UCI ML Repository
14 usopen-men-2013a 126 168 UCI ML Repository
15 usopen-men-2013b 126 168 UCI ML Repository
16 frenchopen-men-2013a 123 170 UCI ML Repository
17 wimbledon-women-2013a 118 170 UCI ML Repository
18 wimbledon-women-2013b 118 170 UCI ML Repository
19 wimbledon-men-2013a 113 163 UCI ML Repository
20 wimbledon-men-2013b 113 163 UCI ML Repository
21 winequality-red 1599 11 UCI ML Repository
22 frenchopen-women-2013a 111 155 UCI ML Repository
23 frenchopen-women-2013b 111 155 UCI ML Repository
24 student-performance-mat 395 43 UCI ML Repository
25 wankara 1609 9 KEEL Repository
26 forestfires 517 28 UCI ML Repository
27 ausopen-men-2013a 103 138 UCI ML Repository
28 ausopen-women-2013a 99 141 UCI ML Repository
29 ausopen-women-2013b 99 141 UCI ML Repository
30 automobile 160 62 UCI ML Repository
31 usopen-women-2013a 74 106 UCI ML Repository
32 usopen-women-2013b 74 106 UCI ML Repository
33 housing 506 13 UCI ML Repository
34 auto-mpg 392 7 UCI ML Repository
35 autoMPG8 392 7 KEEL Repository
36 dee 365 6 KEEL Repository
37 servo 167 12 UCI ML Repository
38 autoMPG6 392 5 KEEL Repository
39 1pga2009 146 11 Larry Winner Repository
40 machineCPU 209 6 KEEL Repository
41 brazilian-logistic 60 20 KEEL Repository
42 slump-mpa 103 7 UCI ML Repository
43 1pga2008 140 5 Larry Winner Repository
44 beer 23 7 Larry Winner Repository
45 diabetes 43 2 LIACC Regression Repository

Table 2: Characteristics of the selected regression datasets

18



4.2. Datasets

For the empirical validation of the ensemble methods proposed, seventy-
five datasets were selected. The selection of the datasets was made aiming
to include in the test sets datasets of different nature and with different
characteristics (in terms of size and number of attributes). Furthermore,
the datasets were obtained from different sources (repositories). Specifically,
the repositories of data considered were: the UCI repository (Dheeru and
Karra Taniskidou, 2019), LIACC!, Larry Winner repository?, and, finally,
the KEEL repository (Alcald-Fdez et al., 2009).

Table 2 reports the main characteristics of the datasets employed in the
experimental study: the identifier of the dataset (ID), name (Dataset), num-
ber of patterns (#Patterns), number of attributes (#Attr.) and the repos-
itory in which the dataset was obtained (Repository). Datasets are sorted
from the largest value resulting from multiplying #Patterns and #Attr to
the lowest, with IDs from 1 to 75.

The experimental design was conducted using a 5-fold cross-validation
procedure, with ten repetitions per fold. The partitions were the same for all
compared models. Thus, a total of 50 error measures were obtained for all
the models compared, which assures a proper statistical significance of the
results. Finally, the original input variables were all normalized to have zero
mean and unit variance.

4.8. Algorithms used for comparison purposes

The proposed ensemble models were evaluated by comparing their em-
pirical results to those provided by state-of-the-art Bagging models (as the
methods proposed are all included in this umbrella of methods). The com-
parison methods behave all very similarly to the proposed methods, and the
main difference lies in the implementation of the function estimateWeights(-)
(the estimation of the ensemble’s weights). Before detailing the comparison
methods, it is necessary to denote the vector with the outputs of the s-th base
learner in the validation set as f, = (fs(xY) ... fs(x%.))T € RY" (the outputs
of the s-th base learner in the validation set), the matrix with the outputs of
all base learners in the validation set as f = (f; ... fs) € RN"*5 and, finally,
the vector with desired outputs in the validation set as y* = (y?...y%.)7 €

ILTIACC URL: http://www.ncc.up.pt/liacc/ML/statlog/datasets.html
2Larry winner URL: http://users.stat.ufl.edu/~winner/datasets.html
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RY". Once those vectors and matrices are defined, the comparison methods
can be briefly described in continuation:

e Basic Ensemble Method (BEM) (Breiman, 1996a). The original
implementation of the Bagging approach in which diversity is promoted
only implicitly by random sampling. In this ensemble model, the func-
tion estimateWeights(-) assigns the same weights to all base learners
composing the ensemble, wy = %, s=1,...,5. The BEM model is the
only state-of-the-art model which does not include information from
the validation set to estimate the ensemble’s weights.

e Generalized Ensemble Method (GEM) (Perrone and Cooper, 1992).
In this approach, the ensemble’s weights are estimated by minimizing
the squared error of the ensemble model in the validation set, so the
optimization problem is defined as:

i v _ w2,
Inin ly* — fw||

st.  1iw=1. (22)
w > 05.

e Stacked Regression (SR) (Breiman, 1996b). This ensemble model is
very similar to the previous one but removes the equality and inequality
constraints from that model. Consequently, the ensemble’s weights are
obtained as a solution to the following optimization problem:

min |y* — fw|?%, (23)

weRS

and, therefore, the weights are computed as w = (fo)_l flyv.

e Stacked Ridge Regression (SRR) (Breiman, 1996b). This ensem-
ble model is the same as the previous one but incorporating the regu-
larization term in the objective function:

: v 2 2
Iin - [y" —fwl|" + offw][*, (24)

and the weights are determined as w = (fo + 51)_1 flyv.
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e Ambiguity Bagging Method (ABM) (Krogh and Vedelsby, 1994).
The AEM incorporates in its optimization function the concept of am-
biguity, measured as the variation of the output of ensemble members
averaged, so it quantifies the disagreement among the networks. In
this regard, this model is the first one that promotes diversity in the
sampling and the objective function. As suggested by the authors, the
optimal weights can be found by Linear Programming (LP).

The important contribution of the manuscript is related to the imple-
mentation of the function estimateWeights(-) and therefore, aiming to fo-
cus on that specific part, we have selected a simple base learner for the
construction of the ensemble. Specifically, in this experimental study, the
individuals of the ensemble methods implemented are all baseline linear re-
gression models. The number of individuals in the ensemble, S, was set to
10 in all the ensembles tested, as recommended in (Brown et al., 2005b).
Additionally, the regularization parameter, J, was determined in the SRR
method and the methods proposed EDMVNSC and EDMVNSC with the
grid: 6 € {1073,...,103}. Similarly, the diversity coefficient, ), in the pro-
posed models was also determined by cross-validation using the following
grid values: A € {1073,...,10%}.

4.4. Performance metric

The ensemble models proposed and those implemented for comparison
purposes were evaluated with the root mean squared percentage error (RM-
SPE), the standard deviation of the differences between predicted and target
values in percentage (Gocken et al., 2016). The metric was employed instead
of the traditional root mean squared error (RMSE), as the RMSPE is not
scale-dependent (Shcherbakov et al., 2013). It allows comparing the error in
predictions for different datasets in percentage terms. The metric is defined
as:

RMSPE = %i (m)z (25)

Yn

n=1

Additionally, the time required to estimate the parameters of each method
has also been considered. The time (7') is the simplest method for measuring
the empirical efficiency of a method. The average time elapsed (in seconds)
is analyzed by every method, considering the aggregation stage (as the esti-
mation one is the same compared to state-of-the-art-methods).
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4.5. Statistical tests

In the presented empirical research, hypothesis testing was employed to
provide statistical support in discussing the results. It is important to men-
tion that a performance analysis through parametric tests could lead to in-
correct conclusions in this research study since a previous evaluation of the
RM S PFE values provided by the comparison and proposed methods resulted
in rejecting the normality and equality of the variance hypothesis. Further-
more, as noted by Demsar (Demsar, 2006; Luengo et al., 2009; Garcia et al.,
2010), the independence condition is not truly verified in a 5-fold cross-
validation. For these reasons, two nonparametric Friedman tests (with the
ranking of RMSPE of the models as the test variables) were carried out to
determine the statistical significance of the rank differences in the two stages
of the experimental study (Friedman, 1940). Consequently, two nonpara-
metric Holm post hoc tests were employed to ascertain which models were
distinctive among the multiple comparisons performed in the two stages of
the study (Holm, 1979). The first test was used to select the best-proposed
method and the second one to ascertain if there are statistical differences in
mean ranking between the proposed method selected in the first stage and
the ensemble models used for comparison purposes.

5. Results

This section will be destined to analyse the results obtained by the dif-
ferent methods involved in the experimental stage on the selected datasets.
Thus, in Section 5.1, the performance results on the proposed regression
problems are shown and discussed, and a statistically supported comparison
is conducted. In Section 5.2, an analysis of the stability of the experimental
results of the methods is included. Furthermore, the computational complex-
ity of the proposed methods has been compared to state-of-the-art methods
with both the big O notation and empirically (analyzing the running time
in seconds) in Section 5.3. Finally, a detailed study of the sensitivity of the
performance of the proposed method to the setting of its hyperparameters is
presented in Section 5.4.

5.1. Performance Analysis

As aforementioned, the experimental validation is divided into two phases.
In the first phase, the algorithms proposed are compared among them, aiming
to define the most promising approach, while in the second phase, the selected
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model is compared in terms of prediction performance against the state-of-
the-art models. Thus, the section is also divided into these two parts for
clarity.

5.1.1. Comparison between our proposals

Table 3 presents the average generalisation results for the RM S PFE metric
obtained by the methods involved in the first stage of the experimental design
on the selected benchmark datasets. The best result from each dataset is
highlighted in bold-face and the second one in italics.

As seen in Table 3, the EUDMYV model appears to be the most promising
model as it achieves the best performance (if compared to the other models)
in thirty-five out of the seventy-five datasets considered in the experimental
study. The second most promising method seems to be the EDMVNSC
model, which yields the best performance in fifteen regression datasets. These
two models incorporate the diversification term in their formulations, which
is connected with regularization, stressing the importance of incorporating
that component as the path to bias-variance trade-off.

Another attractive property of the methodologies that include the diver-
sification term in their formulations is that it allows weighting differently the
variance and covariance elements, as the quadratic terms can be grouped as:

min = w’ (12 + 51) w+ Aw! (26)
weRS 2

which helps to provide different weights to the variance components than
the covariance elements (according to the specificities of the problem under
study).

The last noteworthy aspect of this method is that it generalises the bag-
ging approach when the values of the hyperparameter § are large. When this
occurs, the model replicates the behaviour of EW, a model methodologically
equivalent to the strategy proposed by bagging. In line with the underlying
theory of ensemble bagging approaches, the § hyperparameter incorporates
elements in the main diagonal of ¥ that make the procedure focus on min-
imising the variance of individuals.

A non-parametric Friedman test was performed using the RM SPFE rank-
ings of the implemented models in order to determine the statistical signifi-
cance of the experimental results shown above. For the 4 methods involved
in this stage on the 75 regression problems, the confidence interval for the
Friedman test was Cy = (0, Fyo5 = 2.6453), and the rank differences set

23



1D EMVNSC EDMVNSC EUMV EUDMV
1 1.0025¢, 2083 0.9001¢.1714 0.2442( 0070 0.83980.1188
2 1.41519,1812 1.41640.1691 0.95150.0015 0.83870.0770
3 0.21050.0055 0.20970.0058 0.9992¢ 0002 0.39100.0026
4 2.41630.0920 2.41520. 1112 0.6142p gos2 1.63590.0439
5 0.23440.0080 0.2339¢.0081 0.99950.0002 0.4002¢.0010
6 0.2800¢ 2304 0.48590 1275 0.99980.0002 0.58070.2650
7 0.58490.0484 0.58380.0474 0.99700.0014 0.4611p. 0125
8 0.73554 0608 0.76160.0651 0.9819¢.0014 0.5960( 0287
9 0.60000.0335 0.63220.0397 0.99300.0006 0.59850 1164
10 0.15220.0338 0.1519¢ 0332 0.9999¢.0002 0.43980.0389
11 0.54100.1620 0.53794 1932 0.92740.0207 0.4088( 0594
12 14.978211.0734 14.482012.7741 0.9995(0 0005 9.10907 8539
13 1.23360.8793 1.23740.8930 0.98199.0270 0.8602( 4231
14 1.0114¢.6789 1.0303¢.7159 0.98160 .0347 0.7219¢ 3789
15 0.14479 0329 0.14534 0341 0.99980.0003 0.40820.0265
16 0.58200.1216 0.67150.0694 0.99800.0012 0.65784 1883
17 1.1153¢.6238 1.0197¢.6504 0.59110.0947 0.5121¢ 2595
18 0.4987y 1845 0.66760.3045 0.99620.0070 0.3142( 1207
19 0.14784 0359 0.14770.0368 0.99980.0003 0.37140.0406
20 1.15540.1939 1.16550.2005 0.98320.0056 0.82610.1126
21 0.70264 779 0.72050.7126 0.98760.0200 0.61640 3465
22 2.09100.8264 2.03501.0089 0.5248( 4959 1.42374 4995
23 1.5203¢0.5646 1.5434¢.3756 0.8885(.0339 0.98230 2238
24 0.42840 0799 0.3640¢ 0986 0.99360.0088 0.43140.0828
25 1.4461¢9. 5572 1.4623¢. 5370 0.8335(.0595 0.96350.3269
26 0.69500.3282 0.66610.3178 0.9811¢.0188 0.5013( 0857
27 1.8447¢.7370 1.75850.7181 0.8371¢.0701 1.1725¢ 4729
28 0.74690.3683 0.74540 3983 0.9942( 0093 0.53370 2464
29 1.2984¢ 3757 1.4474¢ 3374 0.8226( 0462 0.91600 2762
30 0.7302¢.2036 0.69874 1488 0.9802¢.0195 0.5542( 1534
31 0.44440 1621 0.44580 1673 0.99690.0033 0.4837¢.0473
32 1.88400.3865 1.8004¢.2660 0.8045(.0536 1.14715 1841
33 0.7607y 7769 0.78530.6812 1.0021¢.0027 0.6565( 3925
34 1.3920¢.7366 1.3862¢.7335 0.9502( 0332 0.96734 4021
35 0.07050.0314 0.0722y o352 0.95850.0067 0.36050.0294
36 0.0964 0237 0.0910¢.0157 0.9421¢ 0089 0.35440.0134
37 0.08150.0255 0.0811¢ . 0246 0.99850.0016 0.41820 . 0166
38 0.2945¢.0766 0.29390.0803 0.1702¢.1580 0.23660.0813
39 1.98400.7000 2.02160.8159 0.88040 0659 1.32860.4999
40 0.58770.1178 0.56850.1732 0.98590.0170 0.43690.1333
41 2.2094¢ 9266 2.09280 9857  0.8578( 0380 1.4254 5832
42 0.7168¢.4391 0.71814 4944 0.9744¢ 9279 0.51840.0990
43 0.12180.0487 0.12150 0469 0.99830.0019 0.43630.0320
44 1.0317¢.3601 1.30260.3503 0.99560.0129 0.7934( 2168
45 1.37149. 7990 1.1381¢ 7458 1.1146y 2951  0.7T9350 5077
46 0.3227y o714 0.3224¢ 0776 0.98690.0099 0.41500.0237
47 0.52330.0626 0.51390.0561 0.9892( 0088 0.4509¢ 0242
48 1.4627¢.3000 1.57970.4336 0.79380.0696 0.96644 2461
49 0.70720.2463 0.5760q 2556 0.98660.0271 0.5244( 0668
50 0.4448( 0727 0.46784 0706 0.99780.0030 0.57540.0561
51 0.81900.2723 0.7624 2220 0.98670.0182 0.6497( 1395
52 1.0302¢.0303 1.00209.0279 0.80090.0101 0.7086(.0130
53 0.99660.2376 0.9391¢.1412 0.77324 0366 0.5341¢ 0331
54 0.15110.0306 0.1502( 0313 0.8061¢.0138 0.32820 0241
55 0.6679q 0834 0.67190.1044 0.9142¢ 0100 0.5329( 0698
56 0.79650.0641 0.7904¢ 0626 0.91280.0073 0.59640 0157
57 0.52330.2927 0.5085( 2810 0.97680.0423 0.51484 0790
58 0.4407y 0596 0.4197g o917 0.98760.0133 0.46550.0744
59 0.29650.0596 0.2950¢ 0623 0.99600.0037 0.42140 0248
60 1.16760.2183 1.0898p.2158 0.7828 0593 0.6421¢9. 1157
61 0.4389¢ 0438 0.45200 o408 0.98850.0060 0.48450.0366
62 1.1519¢.2631 1.0196¢.0497 0.67894 0283 0.5114¢ 0276
63 0.79800 2866 0.8526(.2923 0.94560.0383 0.6323(.1570
64 0.34450 1377 0.3096¢ 1757 0.99960.0009 0.42760.0970
65 0.88780.4025 0.84350.3685 0.59704 0050 0.4409¢.1678
66 0.4563 2566 0.45640.2566 0.9922¢ 0175 0.39200.1043
67 0.60590 2910 0.61560.3124 0.93790.0127 0.3556( 0448
68 1.5057¢.5879 1.8302¢.8406 0.9499( 0748 1.12130.4987
69 1.85521.3980 1.59911 0320 0.9076(.0467 1.07334 5397
70 0.81820.0616 0.2768( 0561 0.98360.0283 0.37960.0526
71 0.95500.4834 0.95710.4625 0.98460.0172 0.6733(.1876
72 1.67901 o532 1.75461 0700 8.969118.3243 1.0577¢0.7241
73 2.16957 3559 2.60022 2541 2.60751 4684 2.67642 5852
74 2.95063.4063 2.63003.0253 0.7536( 2586 1.75631 g167
75 0.74479 5229 0.78820.5729 1.00480.0108 0.6330¢.2495

Table 3: First stage experimental results: Comparison between our proposals, in terms of
RMSPE.
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the F-distribution statistic value as F* = 12.51 ¢ Cy. Therefore, the null
hypothesis stating that all models have the same performance for regression
in mean RMSPFE rankings is rejected. Based on such rejection, the Holm
post-hoc test is used to compare in RMSPE.

Table 4 shows the results of the Holm test along with the mean RMSPFE
(RMSPE) and mean RMSPE ranking (Rruyspr), 2-statistic, p-values for
the ensemble models used for comparison purposes, and adjusted « values
(.10 and ag5). The main conclusion that can be drawn from the results
shown in Table 4 is that the EUDMYV method is significantly better in per-
formance than methods of its same nature. From a strictly descriptive point
of view, EUDMV obtains the best average performance in generalisation,
RMSPE = 0.8071, and the best mean ranking, Rrayspr = 1.8267, in re-
gression problems. This fact leads to the choice of this method to compare
its performance in the second phase with the state-of-the-art methods.

Method RMSPE Rpruspe #-statistic  p-value Q.05 .10
EUMV, 1.0860 2.9867 5.5024 0.0 0.0167 0.0333
EMVNSC, 1.0773 2.6800 4.0477 5.0E-5  0.025 0.05

EDMVNSC, 1.0703 2.5067 3.2255 0.0013 0.05 0.1
EUDMV 0.8071 1.8267 - - - -

o: Statistical difference with o = 0.05

Table 4: Statistical results for the comparisons of the first stage.

5.1.2. Comparison against state-of-the-art algorithms

Analogous to the first phase, Table 5 presents the average generalisation
results for the RM S PFE metric obtained by the methods involved in the sec-
ond stage of the experimental design on the selected benchmark datasets.
The best result from each dataset again is highlighted in bold-face and the
second one in italics. Again, the EUDMV model seems to be the best per-
forming model reaching the best performance in fifty regression datasets out
of the seventy-five considered.

Following the same statistical procedure as in the first phase, a new non-
parametric Friedman test was performed using the RMSPE rankings of
the EUDMV and state-of-the-art bagging models in order to determine the
statistical significance of the experimental results shown in Table 5. For
the 6 methods selected to this stage on the used regression problems, the
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1D EUDMV BEM GEM SR SRR ABM

T 0.8398) 1183 0.90450 1304 0.88360. 1727 0.85900 1509 0.88630.1259 1.05600 1804
2 0.83870. 0770 1.4087¢ 1797 1.4111¢ 1763 1.40750 1793 1.41090 1840 1.4124¢ 1752
3 0.39100.0026 0.21019.0054 0.20950.0056 0.20970.0056 0.20970 0061 0.2107¢.0075
4 1.63590.0439 2.44320 0625 2.46030.1202 2.46430.0654 2.5141¢. 0890 2.52730.1320
5 0.40020.0010 0.2341¢.0079 0.2341¢.0081 0.23420.0081 0.23390.0081 0.2339.0078
6 0.58070.2650 0.51220. 1828 0.16650. 1258 0.22460 2575 0.29910.2103 0.6934¢.1699
7 0.4611¢.0125 0.58390.0484 0.58300.0455 0.58380.0473 0.58350.0481 0.58700.0471
8 0.59600 0287 0.74790.0400 0.73620.0511 0.73790.0541 0.74180.0612 0.72294 0519
9 0.59850.1164 0.63200.0345 0.62640.0371 0.62050.0344 0.63790.0543 0.5862¢ 0707
10 0.43980.0389 0.1521¢.0332 0.15180.0336 0.1519¢.0336 0.15144 0337 0.1504¢ 0335
11 0.4088( 0594 0.5434¢0.1943 0.5394¢.1857 0.5344¢.1721 0.52930.1689 0.52660.1633
12 9.10907 8539 13.437010.1498 15.648712.4735 15.637310.7781 14.527711.9302 12.75631( 9249
13 0.8602( 4231 1.27740.9178 1.2512( 8886 1.27560.9245 1.22764 8958 1.2401¢.8440
14 0.7219¢ 3789 1.04800.7660 1.0388¢.7597 1.0251¢.7210 1.04300.7801 1.01299 7268
15 0.40820.0265 0.14530. 0339 0.1458¢ 9340 0.1454¢.0340 0.14550. 0342 0.14580. 0347
16 0.65780.1883 0.69250.1219 0.6387y 1514 0.64060. 1240 0.70050. 1188 0.61940 0716
17 0.5121¢. 2595 0.96030.5685 1.0485¢.6196 1.0945¢ 6438 1.04640.6403 0.74979. 4230
18 0.3142¢ 1207 0.57850.2704 0.5847 2079 0.53670.2145 0.70160.3041 0.8401¢. 6566
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61 0.48450.0366 0.43980.0494 0.45080.0468 0.4423 0483 0.4319) 0462 0.4306¢ 0359
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75  0.63300. 2495 0.75100. 4985 0.75520.5257 0.77540. 5521 0.75390.5333 0.6654q 5077

Table 5: Second stage experimental results: Comparison against the state-of-the-art mod-
els, in terms of RMSPE. 96



confidence interval for the Friedman test was Cy = (0, Fy o5 = 2.2387), and
the rank differences set the F-distribution statistic value as F* = 6.6707 ¢ C.
Therefore, again the null hypothesis stating that all models have the same
performance for regression in mean RM SPFE rankings is rejected. Based on
such rejection, the Holm post-hoc test is used to compare in RMSPE. Table
7 summarizes the output of Holm post-hoc test.

Based on the results of the statistical procedure collated in Table 7, the
EUDMYV method is significantly better in performance than the state-of-the-
arts bagging methods. EUDMYV obtains the best average performance in
generalisation, RMSPFE = 0.8071, and the best mean ranking, Rpyspr =
2.4864, in regression problems.

Method RMSPE Rpruspe z-statistic  p-value Q.05 Q.10

SR. 1.0992 3.9729 4.8331 0.0 0.01 0.02
BEM, 1.0775 3.9459 4.7453 0.0 0.0125 0.025
ABM, 1.1666 3.6216 3.6907 2.2E-4 0.0167 0.0333
SRR 1.0719 3.500 3.2953 9.8E-4  0.025 0.05
GEM, 1.0822 3.4729 3.2074  0.0013 0.05 0.1

EUDMV 0.8071 2.4864 - - _ -
e: Statistical difference with oo = 0.05

Table 6: Statistical results for the comparisons of the second stage.

Method RMSPE Rpruspr #-statistic  p-value Q0.05 Q.10

SRe 1.0992 3.9729 4.8331 0.0 0.01 0.02
BEM, 1.0775 3.9459 4.7453 0.0 0.0125 0.025
ABM, 1.1666 3.6216 3.6907 2.2E-4 0.0167 0.0333
SRR 1.0719 3.500 3.2953 9.8E-4  0.025 0.05
GEM, 1.0822 3.4729 3.2074  0.0013 0.05 0.1

EUDMV 0.8071 2.4864 - - - -
e: Statistical difference with oo = 0.05

Table 7: Statistical results for the comparisons of the second stage.

The results obtained by the SR method are explained by the fact that
the method does not include a constraint that the weights it assigns to each
base learner in the ensemble must be greater than 0. This feature leads to
the model suffering from overfitting on the training set, which negatively
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affects the generalisation performance. In the case of the BEM method, it
overcomes this particularity but suffers from assigning each base element the
same importance, a problem discussed in Section 1. The inclusion of the
concept of ambiguity in the formulation of the ABM method means that
this model overcomes these drawbacks. Such a feature could be interpreted
as incorporating the concept of diversity. The SRR and GEM models con-
trol for overfitting by either including a regularisation term or by defining a
lower bound on the weight given by the model to each of the base learner, re-
spectively. Both approaches were already justified in (Chen and Yao, 2009),
where the importance of including a regularisation term in ensemble models
is highlighted, and in (Breiman, 1996b), where the relevance of controlling
the weights assigned by imposing restrictions on the value of the weights is
considered. While integrating all the positive aspects outlined in the previ-
ous models, the EUDMYV model allows the system to adjust for variance and
covariance bias simultaneously.

5.2. Analysis of the robustness of results

One of the advantages of applying mean-variance models to adjust en-
semble weights is not only to improve predictive performance but also to
ensure a certain degree of robustness. Models of this nature are expected to
exhibit lower standard deviation in the results in terms of their performance
metric. Therefore, we have decided to perform a comparative analysis of the
stability of the ensemble models’ results.

Employing the identical statistical methodology as employed in 5.1 where
the predictive performance was analyzed, a non-parametric Friedman test
was conducted utilizing the RMSPE standard deviation rankings of both the
EUDMYV and the state-of-the-art bagging models. The primary aim was to
determine the statistical significance of the experimental outcomes standard
deviation included in Table 5 as subindices. For the six methods selected,
the confidence interval for the Friedman test was Cy = (0, F,.05 = 2.2383),
and the rank differences established the F-distribution statistic value as F™* =
24.0552 ¢ Cy. Consequently, the null hypothesis was rejected, which posits
that all models demonstrate the same performance robustness in the mean
of RMSPE standard deviation rankings. Following this rejection, the Holm
post-hoc test was implemented to compare in RMSPE standard deviation.
The results of the Holm post-hoc test are summarised in Table 8.

Based on the results of the statistical procedure collated in Table 8§,
the EUDMV method is significantly better in robustness than the state-

28



of-the-art bagging methods. EUDMYV obtains the best average robustness,
sd(RMSPE) = 0.3267, and the best mean ranking, Esd(RMSPE) = 1.64, in
the selected regression problems. This finding is in line with the literature
which pointed out that BEM is typically more robust than other ensemble
methods, such as boosting and stacking, because it reduces the variance of
the model by decreasing the chance of overfitting to the training data and,
as described in the methodological section, the proposed method generalizes

the BEM approach (converging to the baseline with high values of 4).

Method Sd(RMSPE) de(RMSPE‘) z-statistic  p-value Q.05 Q.10

ABM, 0.665 4.02 7.7904 0.0 0.01 0.02
SRe 0.5276 4.02 7.7904 0.0 0.0125 0.025
SRR, 0.5191 3.968 7.6813 0.0 0.0167 0.0333
GEM, 0.5231 3.68 6.6775 0.0 0.025 0.05
BEM, 0.50495 3.6533 6.5902 0.0 0.05 0.1
EUDMV 0.3267 1.64 - - - -

e: Statistical difference with o = 0.05

Table 8: Statistical results for the comparisons of RMSPE standard deviation.

5.8. Analysis of the computational burden

This section analyzes and compares the proposed methods’ computational
complexity with the baseline ensemble bagging models. It is essential to clar-
ify that we will focus only on the aggregation part of the algorithms, as the
bootstrapping stage of all methods is the same. The aggregation stage of
the methods that include in their formulations the non-shorting constraints
(EMVNSC and EDMVNSC) could be decomposed in three steps: (i) to com-
pute the mean of a matrix with size NV x S, (ii) to calculate the covariance
matrix of the same matrix, and (iii) to solve a QP problem in which the
matrices involved have sizes S xS and S x 1. The computational complexity
of the algorithms can be estimated using big O notation, which provides an
upper bound on the computational burden of the algorithm. The computa-
tional burden of computing the mean is O(N"-S), whereas the complexity of
calculating the covariance is O(NVS - S). Regarding the QP problem (with a
quadratic matrix of size S x S and a linear part with size Sx1), it is essential
to clarify that one can use an optimization algorithm such as the interior
point method or active set to solve it. The computational complexity of
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these algorithms is typical O(S?). Hence, the total computational complex-
ity of the algorithms is the sum of the complexities of each step, which is
O(N"S + NvS - S+ 53).

On the other hand, the two methods which do not include the non-
shorting constraints (EUMV and EUDMYV) estimate the optimal weights
analytically, and, consequently, the aggregation stage is the same as the pre-
vious one but substituting the QP part by an inversion of a matrix with size
S x S. The most common algorithm used for matrix inversion is the Gaus-
sian elimination method with partial pivoting, which has a computational
complexity of O(S?) in the worst case. Thus, the computational complexity
of all methods proposed is O(NV - S + NS - S + §3).

Regarding state-of-the-art methods, the GEM approach solves a non-
negative least squares problem of a matrix with size NV x S, which typically
has a computational complexity of O(NV - S?). The SR and SRR methods
estimate the ensemble’ weights by solving a least squares problem. One stan-
dard algorithm used to solve least-squares problems is the QR decomposition
method, which has a computational complexity of O(N? - 5?) in the worst
case. Finally, the ABM requires the computation of a covariance matrix and
the resolution of an LP problem, which have a computational complexity of
O(NV - 8% + 29) (if the LP problem is solved by the simplex method).

To compare execution times among different methods empirically, we have
developed an experimental procedure that involves randomly generated re-
gression problems of varying sizes. Thus, we have generated random datasets
and configured methods with varying numbers of base learners. Since the ag-
gregation part of all analyzed methods depends primarily on two parameters
- the size of the validation set, NV, and the size of the ensemble, S - the
procedure enables a comparative analysis of how algorithms scale with these
parameters. Additionally, this approach allows us to observe how different
algorithms behave in scenarios not present in the datasets used to test the
predictive performance of models, as explained in Section 4.1.

The efficiency of the EUDMV method in determining the coefficients of
each base learner is demonstrated in Figure 3, while state-of-the-art meth-
ods GEM, SR, SRR, and ABM computational times are shown to perform
the same task in Figures 4a, 4b, 4c, and 4d, respectively. Notably, the hy-
perparameter validation process is not considered for any of the methods.
The axes of the figures represent the number of base learners used in the
ensemble and the dataset size as a function of the number of patterns, re-
spectively. We chose dataset sizes NV € {500,...,10.000} and the number
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Figure 3: EUDMYV method execution times.

of base learners involved S € {5,...,100} to demonstrate the scaling mode
of the methods as the problem grew. The color scheme used in the figures
represents the execution time in seconds. Other MV methods were excluded
from this analysis because they have the same computational complexity as
EUDMV, and BEM was not included due to its unique simplicity.

From the empirical results, it is clear that all of the methods perform
similarly in terms of scaling. This suggests that the computational overhead
associated with calculating additional elements of the proposed methods,
such as the error matrix, mean vector, and covariance matrix, is negligible
in the programming environment of MATLAB, as it does not appear to
significantly affect execution times.

5.4. Hyperparameter Sensitivity Analysis

The proposed EUDMV methodology is based on two hyperparameters
that must be set a priori: A and §. To study the sensitivity of the method in
terms of RM SPFE to these two hyperparameters, a behavioural analysis was
performed on different datasets. During this hyperparameter sensitivity test,
the number of ensemble elements was fixed at 5 (S = 5), all linear regressors.
Specifically, the study was conducted considering the regression datasets
wimbledon-men-2013b, delta elv, slump-flow and parkinsons-speech.
The EUDMV method was run ten times in a 5-fold cross-validation for hy-
perparameter values ranging in the sets \,§ € {1073,1072...,10%,103}.

Figure 5 illustrates the mean RMSPFE performance of the ten runs per
fold in the regression problems mentioned above. The axes where the hyper-
parameters are located are scaled logarithmically for the sake of visualisation.
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Figure 4: State-of-the-art methods execution times.
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Figure 5: Hyperparameters study on RM SPE for the EUDMV method and the parame-
ters A and ¢
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Figure 5a and Figure 5b show opposite situations. In the first case, the best
performance is obtained for high values of A and low values of §. In con-
trast, this combination is the worst possible combination for the delta elv
dataset. The situation posed in Figures 5c¢ and 5d is that for both of these
datasets, the combination of hyperparameter values at which the regressor
gives optimal performance is at an intermediate point in the grid.
Therefore, as might be expected, it can be observed that the EUDMV
method’s behaviour proves to be very sensitive to different values of the
hyperparameters A and ¢, and the recommendation is to estimate them by a
complete cross-validation procedure with each dataset in particular.

6. Conclusions

Inspired by the principles of portfolio optimisation from the field of Fi-
nance, this paper presents an innovative methodological approach in the
framework of ensemble learning to address regression problems. In full align-
ment with the bias-variance-covariance theory, this formulation allows deter-
mining the weights of the ensemble elements by considering the errors and
variance of the predictions of the base learners and the covariance of these
predictions. Consequently, four different models have been developed under
these tenets. The first two ensemble models, EMVNSC and EDMVNSC,
impose non-negativity constraints on the weights assigned to the ensemble
elements and that they all sum one. They differ in that EDMVNSC in-
cludes a regularisation term. The second two ensemble models, EUMV and
EUDMV, do not impose non-negativity constraints on the weights of the en-
semble elements, resulting in a convex quadratic programming (QP) problem
because the matrix included in the quadratic term is symmetric and positive
definite. Likewise to the first ones, EUDMYV incorporates regularisation.

The proposed methodologies were applied on 75 benchmark regression
datasets in a comprehensive two-stage experimental process. In the first
stage, the performances of the models implemented under the new paradigm
were compared in a thorough statistical procedure, resulting EUDMYV model
as the best in terms of RMSPE metric. In the second stage, comparing the
EUDMYV model with five state-of-the-art proven Bagging models confirmed
that it achieves the best overall performance.

Several different directions might also be explored after the findings of
this study. Based on the ideas reported in (Kim et al., 2014; Chen et al.,
2020), one promising line would be to propose a new mean-variance approach
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that could control for larger moments such as skewness and kurtosis. Another
intriguing research path that could extend the ideas of this work would be
exploring an alternative diversification strategy as an [ — 1 regularisation.
Finally, it might be interesting to quantitatively examine the importance of
diversity on the generalisation performance of the presented models.
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